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Abstract

Over the last decades, developing more powerful neural architectures and simultaneously designing optimization
algorithms to effectively train them have been the core of research efforts to enhance the capability of machine learning
models. Despite the recent progresses, particularly in developing Language Models (LMs), there are fundamental challenges
and unanswered questions about how such models can continually learn/memorize, self-improve, and find effective solutions.
In this paper, we present a new learning paradigm, called Nested Learning (NL), that coherently represents a machine
learning model with a set of nested, multi-level, and/or parallel optimization problems, each of which with its own “context
flow”. Through the lenses of NL, existing deep learning methods learns from data through compressing their own context
flow, and in-context learning naturally emerges in large models. NL suggests a philosophy to design more expressive
learning algorithms with more “levels”, resulting in higher-order in-context learning and potentially unlocking effective
continual learning capabilities. In addition to its neuro-scientific motivation, we advocate for NL by presenting three
core contributions: (1) Expressive Optimizers: We show that known gradient-based optimizers, such as Adam, SGD with
Momentum, etc., are in fact associative memory modules that aim to compress the gradients’ information (by gradient
descent). Building on this insight, we present other “more expressive" optimizers with deep memory and/or more powerful
learning rules; (2) Self-Modifying Learning Module: Taking advantage of NL’s insights on learning algorithms, we present a
sequence model that learns how to modify itself by learning its own update algorithm; and (3) Continuum Memory System:
We present a new formulation for memory system that generalizes the traditional viewpoint of “long-term/short-term
memory”. Combining our self-modifying sequence model with the continuum memory system, we present a continual
learning module, called HopE, showing promising results in language modeling, knowledge incorporation, and few-shot
generalization tasks, continual learning, and long-context reasoning tasks.

“We cannot solve our problems with the same
thinking we used when we created them!"

. — Attributed to Albert Einstein
1 Introduction

For decades, Al research has focused on designing machine learning algorithms that learn from data (Pitts 1943; McCulloch
et al. 1948; McCulloch 1949; Samuel 1959) or experience (Sutton et al. 1998; Connell et al. 1999; Silver et al. 2025);
often by optimizing an objective £(0) over parameters 6 € © with gradient-based methods. While traditional machine
learning techniques required careful engineering and domain expertise to design feature extractors, limiting their ability to
directly process and learn from natural data (LeCun et al. 2015), deep representation learning offered a fully automated
alternative to discover the representations needed for the task. Thereafter, deep learning has been an inseparable part of
the large-scale computational models with seminal success in chemistry and biology (Jumper et al. 2021), games (Silver
et al. 2016, 2018), computer vision (Krizhevsky et al. 2012; Dosovitskiy et al. 2021), and multimodal and natural language
understanding (Achiam et al. 2023; Liu et al. 2024a; Comanici et al. 2025).

Stacking of multiple layers, as it is done in deep learning models, provides the models with better expressive power in
representing complex features, and more internal computations (e.g., #FLOPS) (Montufar et al. 2014; Poole et al. 2016;
Hestness et al. 2017), all of which are critical and desirable characteristics for static tasks that require in-distribution
predictions over an a-priori fixed set. This deep design, however, is not a universal solution to all the challenges and
cannot help the expressive power of the models in multiple aspects, for example: (i) The computational depth of deep
models might not change with more layers (Merrill et al. 2022; Sanford et al. 2024), leaving their ability to implement
complex algorithms untouched compared to traditional shallow approaches (Merrill et al. 2024); (ii) The capacity of some
class of parameters might show marginal improvement with increasing the depth/width of the model (Kaplan et al. 2020);
(iii) The training process might converge to a suboptimal solution, mainly due to the suboptimal choice of the optimizer
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Neuroplasticity is the brain’s ability to reorganize itself via mechanisms like
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Brain oscillations (or brain waves) critical for the brain to coordinate its activity.
Notably, the brain does not rely on a single centralized clock to synchronize
every neuron: the earlier layers update their activity quickly in high-frequency
cycles, whereas later layers integrate information over longer, slower cycles.

InNL, parameters in each “level” are updated with their own specific frequency
and does not rely on a single centralized clock. The HopE’s design allows the
earlier layers update their activity quickly in high-frequency cycles, whereas
later layers integrate information over longer, slower cycles.

Figure 1: The uniform and reusable structure as well as multi time scale update in the brain are the key components to
unlock the continual learning in humans. Nested Learning (NL) allows for multi time-scale update for each component
of the brain, while showing that well-known architectures such as Transformers are in fact linear layers with different
frequency updates.

or its hyperparameters; and (iv) The model’s ability to fast adapt to a new task, continually learn, and/or generalize to
out-of-distribution data might not change with stacking more layers and requires more careful designs.

The core part of the efforts to overcome the above challenges and to enhance the capability of deep learning models
concentrate on: (1) developing more expressive class of parameters (i.e., neural architectures) (Fukushima 1980; Schmidhuber
et al. 1997; Krizhevsky et al. 2012; Vaswani et al. 2017; Behrouz et al. 2025¢); (2) introducing objectives that can better
model the tasks (Rumelhart et al. 1986; Kingma et al. 2014b; Hjelm et al. 2019; Goodfellow et al. 2020; Alshammari et al.
2025); (3) designing more efficient/effective optimization algorithms to find better solutions or with more resilience to
forgetting (Kingma et al. 2014a; Gupta et al. 2018; Farajtabar et al. 2020; Jordan et al. 2024); and (4) scaling the model size to
enhance its expressivity, when the “right” choice of architecture, objective, and optimization algorithms are made (Brown
et al. 2020; Kaplan et al. 2020; Hoffmann et al. 2022). Collectively, these advancements and new findings on scaling patterns
of deep models have established the foundations upon which Large Language Models (LLMs) have been built.

The development of LLMs marks a pivotal milestone in deep learning research: a paradigm shift from task-specific models
to more general-purpose systems with various emergent capabilities as a result of scaling the “right” architectures (Brown
et al. 2020; Schaeffer et al. 2023). Despite all their success and remarkable capabilities in diverse sets of tasks (Nijkamp et al.
2023; Wang et al. 2023; Comanici et al. 2025), LLMs are largely static after their initial deployment phase, meaning that
they successfully perform tasks learned during pre- or post-training, but are unable to continually acquire new capabilities
beyond their immediate context. The only adaptable component of LLMs is their in-context learning ability—a (known to be
emergent) characteristic of LLMs that enables fast adaption to the context and so perform zero- or few-shot tasks (Brown
et al. 2020). Beyond in-context learning, recent efforts to overcome the static nature of LLMs either are computationally
expensive, require external components, lack generalization, and/or might suffer from catastrophic forgetting (Akytirek
et al. 2024a; Eyuboglu et al. 2025; yu et al. 2025), which has led researchers to question if there is a need to revisit how
to design machine learning models and if a new learning paradigm beyond stacking of layers is required to unleash the
capabilities of LLMs in continual setups.

Current Models only Experience the Immediate Present. As an analogy and to better illustrate the static nature of
LLMs, we use the example of anterograde amnesia—a neurological condition where a person cannot form new long-term
memories after the onset of the disorder, while existing memories remain intact (Scoville et al. 1957). This condition limits
the person’s knowledge and experiences to a short window of present and long past-before the onset of the disorder—which
results in continuously experiencing the immediate present as if it were always new. The memory processing system of
current LLMs suffer from a similar pattern. Their knowledge is limited to either, the immediate context that fits into their
context window, or the knowledge in MLPs that stores long-past, before the onset of “end of pre-training.” This analogy, has
motivated us to take inspiration from neurophysiology literature and how brain consolidate its short-term memories.



1.1 Human Brain Perspective and Neurophysiological Motivation

Human brain is highly efficient and effective when it comes to continual learning, which is often attributed to neuro-
plasticity—the brain’s remarkable capacity to change itself in response to new experiences, memories, learning, and even
damage (Pascual-Leone et al. 2005; Johnston 2009). Recent studies support that the formation of Long-term memory
involves at least two distinct but complementary consolidation processes (Frey et al. 1997; Goto et al. 2021; Yang et al. 2024):
(1) A rapid “online” consolidation (also known as synaptic consolidation) phase occurs immediately or soon after learning,
even during wakefulness. This is when new and initially fragile memory traces are stabilized and begin transferring from
short-term to long-term storage; (2) An “offline” consolidation (also known as systems consolidation) process repeats the
replay of the recently encoded patterns—during sharp-wave ripples (SWRs) in the hippocampus, coordinated with cortical
sleep spindles and slow oscillations—strengthens and reorganizes the memory and supports transfer to cortical sites (Foster
et al. 2006; Ji et al. 2007; Peyrache et al. 2009).

Coming back to the analogy of anterograde amnesia, evidence indicates that the condition can impact both stages, but
especially the online consolidation phase, mainly due to the fact that hippocampus is the gateway for encoding new
declarative memories, and so its damage means new information never will be stored in long-term memory. As mentioned
above, the design of LLMs, and more specifically Transformer-based backbones, suffers from a similar condition after the
pre-training phase. That is, the information provided in the context, never impacts the long-term memory parameters
(e.g., feedforward layers), and so the model is not capable of acquiring new knowledge or skill, unless the information is
still stored in the short-term memory (e.g., in-context or attention). To this end, although the second stage is equally, or
even more, crucial for the consolidation of memories, and its absence can damage the process and might cause loss of
memory (Drummond et al. 2000; Yoo et al. 2007), in this work, we focus on the first stage: memory consolidation as an
online process. As discussed earlier, the memory processing, its online consolidation, and so continual learning ability of
humans are known to be highly relied on the neuroplasticity as well as neural oscillations (Bliss et al. 1993; Buzsaki et al.
2004; Klinzing et al. 2019).

Multi Time scale Processing System. Brain oscillations (also known as brainwaves)-a rhythmic fluctuations in brain
activity—is not mere byproducts of brain function but is increasingly understood to play a crucial role in various cognitive
functions such as attention, memory, and decision-making, and to be a core mechanism for organizing neural computation,
coordinating communication between brain regions, and gating the synaptic plasticity that underlies learning and memory
(Fell et al. 2011; Cavanagh et al. 2014; Fries 2015). These brainwaves are the results of the brain coordinating its computations
in different timescales and frequency updates, where each frequency determines how often groups of brain neurons become
active and share updated information. More specifically, such neural oscillations are typically categorized into distinct
frequencies, each of which has been associated with different cognitive functions and, critically, different timescales of
information processing: ranging from (1) fast Gamma waves (frequency of 30-150 Hz) that are mainly associated with
sensory information to (2) Beta waves (frequency of 13 - 30 Hz) that are mainly associated with active thinking (Buzsaki
et al. 2004; Buschman et al. 2007; Lundqvist et al. 2016), and (3) slow Delta and Theta waves (frequency of 0.5 - 8 Hz),
mainly responsible for memory consolidation and learning (Marshall et al. 2006; Diekelmann et al. 2010; Ngo et al. 2013;
Staresina et al. 2015; Heusser et al. 2016; Daume et al. 2024).

In deep learning models, however, the weights of the architectures are fixed at test time and also it is common in pre-training
to use the same update rate for all the blocks/layers in the model. Later, in Section 6, however, we show that in-context
learning provides an extreme case of this design and in fact, Transformer architectures are based on two extreme frequencies
of update: i.e., co and 0 for attention and MLP blocks, respectively.

Brain’s Uniform and Reusable Structure. As discussed earlier, neuroplasticity is the brain’s remarkable capability to
change itself in response to new memories, knowledge, and even damage (Pascual-Leone et al. 2005; Johnston 2009). This
characteristic suggests a uniform architecture where neural elements are not rigidly dedicated to one function but are
instead reusable, capable of being flexibly redeployed to support different cognitive needs. One real-world example of
neural reusability is hemispherectomy-the surgical removal or disabling of one cerebral hemisphere, usually to alleviate
severe epilepsy. Amazingly, if this surgery is done in childhood, patients can lead largely normal lives into adulthood with
high functioning cognition and intact neural network organization that contains all the same core brain networks present
in a typical two-hemisphere brain (networks for language, vision, etc.). This extraordinary outcome provides real-life proof
of the brain’s uniform architecture. That is, even half a brain can reallocate resources and reorganize so that the person
can function extremely well. Such cases, along with documented instances of individuals living relatively normally with
missing pieces of cortex, highlight the brain’s uniform and reusable structure.
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Figure 2: Nested Learning Paradigm that represent a machine learning model and its training procedure as a set of nested
optimization problems. (Left) An example of Hybrid architecture. While deep learning perspective, as the flattened image
of NL, does not provide insight about the depth of computation in the blocks, NL transparently represent all the inner
gradient flows. (Right) A Neural Learning Module: A computational model that learns how to compress its own context
flow. For example, the first level corresponds to the model’s most outer-loop training, often refer to as “pre-training” step.

Furthermore, this interpretation of brain’s uniform and reusable structure demonstrate that memory in human brain is not
an isolated system in some specific areas, and mainly is distributed across brain. That is, contrary to the traditional models
of memory that often implied that different types of memory reside in distinct brain structures (e.g. short-term memory in
frontal cortex vs. long-term memory in the hippocampus and cortex), modern research advocate for distributed neural
circuits memory processing across multiple regions (Christophel et al. 2017; Kitamura et al. 2017; Roy et al. 2022).

The modern deep learning architectures in recent years, however, at least on the surface, seem to be heterogeneous
and are based on a combination of a subset of self-attention variants (Vaswani et al. 2017), modern recurrent neural
networks (Katharopoulos et al. 2020; Schlag et al. 2021; Behrouz et al. 2025¢; Peng et al. 2025b), canon layers (Allen-Zhu
2025), global convolutions (Hasani et al. 2023; Poli et al. 2023), and MLP blocks (Shazeer 2020). This raises the question
of whether we need a new uniform architecture, or if our beliefs about the heterogeneity of current models need to be
revisited.

1.2 Contributions and Roadmap

In this paper, we aim to present a unifying learning paradigm that not only provides new insights about existing algorithms,
methods, and architectures, but it also reveals a new dimension to stacking layers in deep learning with enhancement of
the computational depth, and continual learning ability of models. After discussing preliminary concepts and backgrounds
in §2, we present:

Nested Learning Paradigm (§3). To answer the questions raised above and to provide new insights on overcoming the
design challenges in continual learning, architecture design, and computational depth of modern deep learning models, we
present Nested Learning (NL)-a learning paradigm that allows each component of the machine learning model to have
its own internal gradient flow on its own context in multiple levels, representing a model and its learning process (i.e.,
optimization) as an inter-connected system of nested, multi-level, and/or parallel optimization problems. We argue that the
optimization process and the learning algorithms/architectures are fundamentally the same concepts but are in different
levels of a system with different context (i.e., gradient vs. tokens). Furthermore, they are two inter-connected components
where the learning algorithm/architecture generates the context for optimizers (i.e., the gradients), advocating for designing
architecture-specific optimizers. We discuss different ways of knowledge transfer between levels, resulting in unifying and
generalizing concepts like meta-learning, in-context learning, recurrent neural networks, hypernetworks, etc.



Optimizers and Architectures as Learning Module (§4, §5). Building on the NL’s viewpoint, we argue that training a
deep neural network with backpropagation process and gradient descent is a compression and an optimization problem that
aims to train an associative memory to map layers’ inputs to their corresponding local error in the prediction. Accordingly,
we argue that pre-training is a form of in-context learning, where the context is the entire pre-training data and the layers
are compressing the context into their parameters. We demonstrate that such arguments are also valid for other popular
gradient-based optimizers and they are associative memories that aim to compress the gradients into their parameters.
From NL'’s terminology, gradient-based optimizers such as gradient descent with momentum, Adam (Kingma et al. 2014a),
and AdaGrad (Duchi et al. 2011) can be decomposed into a two-level nested optimization problems, each of which is
optimized with a simple gradient descent. In particular, this viewpoint makes it apparent that for compressing the gradients,
in theory, Adam is the optimal associative memory with respect to the element-wise L, regression objective.

We revisit previous findings on representing architectures as associative memories (Behrouz et al. 2025b) and decompose
their optimization process into a set of nested optimization problems, all of which optimized with gradient descent. Building
on the above findings—i.e., popular gradient-based optimizers and modern architectures are both a set of nested and/or
parallel optimization problems—we argue that the combination of these two-i.e., training an architecture with a specific
optimizer—can also be represented as a set of nested and/or parallel optimization problem. Therefore, a neural learning mod-
ule (a joint system of architecture and its training/optimization process) is a uniform model, in which all elements are linear
or deep MLPs, while they are optimizing their own internal objective in different levels with different frequencies.

Building upon the associative memory perspective of optimizers, we design a set of new learning updates (optimization
steps) with more expressive memory structure or memory management in compressing the gradients. In particular, we
argue that the choice of optimizer depends on the context of the optimization. A powerful optimizer for compressing
the gradients might not be the best choice for compressing the tokens. To this end, we present a new variant of gradient
descent, called Delta Gradient Descent (DGD), that its update not only depends on the current input, but also the state of
the weight of the neural network, resulting in capturing the dependencies of data samples without i.i.d. assumption.

Main Takeaways and Revisiting Common Terms: Continual and In-context Learning, Pre-Training, and
Learning (§6). We discuss the main takeaways of NL about principal concepts and revisit some common terms: (1) We
argue that continual learning can be viewed as a learning problem on a sequences of incoming contexts or episodes where
different levels are responsible for compressing their own in-context knowledge and transfer it to higher levels. Based on
this, we advocate for designing models and pipelines that do not rely on test/training phase, and rather continually manage
their knowledge and memory; (2) In-context learning is the characteristic of “having multiple nested levels”. Accordingly,
Transformers in-context learning comes from being a non-parametric solution to a certain regression objective on tokens,
while modern recurrent models uses parametric learning processes in their lower levels; (3) We further revisit other
terminologies such as learning/memorization, hybrid architectures, looped architectures, and learned optimizers.

Continuum Memory System, Self-Referential Titans, and Hope (§7, §8). We generalize the traditional viewpoint
of “long-term/short-term memory” (LSM) by presenting the Continuum Memory Systems (CMSs) and see memory as a
distributed inter-connected system with a spectrum of frequency updates. In this design, higher-frequency neurons are
responsible for fast adaption but store memories/knowledge for a short period of time, while lower frequency neurons are
responsible for more persistent knowledge. Comparing to LSM, we show that this multi-frequency design results in a
loop process for memory of the model, meaning that knowledge can partially be recovered when it is forgotten. While we
mainly design this memory system as a replacement of MLP blocks in Transformers, we take advantage of this intuition to
design Multi-scale Momentum Muon (M3) optimizer—an optimization algorithm with multiple momentum terms—further
supporting the importance of CMSs design in different contexts.

Evaluations (§9). To support the effectiveness of our proofs-of-concept as well as the importance of nested learning
design, we perform experimental evaluation on (1) Continual learning and in-context learning tasks including (i) learning
new language, (ii) class incremental learning, and (iii) question/answering on a new corpus; (2) Long context understanding
tasks, including needle-in-a-haystack (Hsieh et al. 2024) and BABILong (Kuratov et al. 2024) benchmarks; (3) Language
modeling and common-sense reasoning tasks; (4) In-context recall and memorization tasks; (5) Language recognition
tasks; and (6) comparing different optimizers, including our M3 optimizer. Our results indicate the effectiveness of
NL viewpoint in designing models with continual learning ability, having multiple levels of computations, and self-
referential process.



2 Preliminaries
In this section we discuss the notations and review the background concepts.

Notations. We let x € RN*4n he the input, M; represent the state of memory/model M at time ¢, K be the keys, V be the
values, and Q be the query matrices. We use bold lowercase letters with subscript ¢ to refer to the vector corresponds to the
input t (i.e., k¢, s, and q;). We further refer to the distribution of any random variable 7~ as p(7"). Throughout the paper,
we use simple MLPs with £ ¢ > 1 layers and residual connection as the architecture of the memory module M(-). When
it is needed, we parameterized the memory module with 8¢ 2 {W;, W, ..., Wy, }, which at least includes the parameters
of linear layers in the MLP. We use superscript with parenthesis to refer to parameters in different levels of nested learning
(different update frequency): i.e., either by using level index W(©) or its corresponding frequency W /2.

Gradient Descent. Gradient descent is one of the most widely used optimization algorithms for high-dimensional
problems, and its variants are standard tools for training large models. Given an objective £(+; ), the stochastic gradient
descent (SGD) with step size 1, > 0 (a.k.a. learning rate) updates parameters by:

Wir1 = Wi = 0V, L(Ws; x¢), (1)

for data sample x; from training set. The gradient descent formulation admits several equivalent characterizations that are
useful in analysis. One of those equivalent formulations is steepest-descent in the Euclidean metric, where one step of
gradient descent is equivalent to:

Wier = argmin { (Vi LW, W) + 2w - will3 | 2)
which is minimizing a first-order Taylor approximation regularized by a quadratic proximal term. The GD step above is
precisely a proximal update on the linearization of L(-;-) at W;, revealing an implicit bias toward small moves in Ly-distance.
Accumulating steps (with a constant learning rate n) yields the follow-the-regularized-leader (FTRL) form

t
— 1 . 1 2
Wit = argli/n{ <ZV.£(WS,xS), W> + P ||W—W1||2>’ ®)

s=1

whose solution is W41 = Wy —p Zézl V_ L(W;; x5). These two formulations are used in this paper interchangeably. However,
our discussions and formulations are generally valid for many other optimization algorithms as well.

Meta Learning. Designing an effective machine learning model often requires making decisions about its architecture
parameterized by 6 € ©, objective £(6), and an optimizer, aiming to iteratively optimize the objective. Meta learning
paradigm (or learning to learn) (Schmidhuber et al. 1996; Finn et al. 2017; Akytirek et al. 2022) aim to automate a part of such
decisions by modeling it as a two-level optimization procedure, in which the outer model aims to learn to set parameters
for the inner procedure to maximize the performance across a set of tasks. That is, given an objective parameterized by a
parameter ®: i.e., £(0, D; ), one can formalize the outer loop process as optimizing parameter ® over a set of tasks:

®* = argmin Eq,_p(7) [{’(0, T, @) |, (4)
)

where p(7") is the distribution of tasks. While initial studies on meta-learning used supervised settings for the outer
loop (Schmidhuber et al. 1996), recently, a more flexible family of methods that use an unsupervised process for the outer
loop has gained popularity (Finn et al. 2017; Brown et al. 2020; Akyiirek et al. 2022; Chen et al. 2022; Qu et al. 2025). In
addition to the growing interest to use meta learning methods for a diverse set of downstream tasks (Finn et al. 2017;
Munkhdalai et al. 2019; Chen et al. 2022; Qu et al. 2025), in recent years, it also has shown popularity as a paradigm to
design powerful sequence models (Sun et al. 2024; Behrouz et al. 2025¢).

Fast Weight Programmers (FWPs). Fast weight programmers (more recently refer to as linear Transformers) (Hinton
et al. 1987; Schmidhuber 1992; Ba et al. 2016; Schlag et al. 2021) are recurrent neural networks whose memory (or hidden
state) is matrix-valued: a time-varying fast-weight matrix M, € R%u*dy that serves as a short-term memory. A separate



“programmer” (slow net) maps each input x; € R% to query, key, and value vectors and updates the fast weights online. A
basic (Hebbian/outer-product) FWP—often called vanilla FWP—update its parameters with:

My = oMy + Ur¢(kt)T, (5)

and retrieve from memory with y; = M; ¢(q;), where ¢(-) is an element-wise feature map (often applied to both keys and
queries). Unlike traditional RNNs or early variants of modern RNNs (Schmidhuber et al. 1997; Sun et al. 2023; Botev et al.
2024) with vector states, the matrix M; is the recurrent state; it is written by rank-one update and read by a matrix—vector
multiplication, providing a compact, learnable key-value memory with constant state size across time.

In-context Learning. The concept of “in-context learning” initially defined by Brown et al. (2020) as the ability of a
language model to leverage knowledge acquired during pre-training in order to infer and perform a new task solely based
on its context (e.g., few examples, or natural language instructions). This broad and general definition, which simply is
applicable for any language model with any architectural backbones and/or objective, later was formalized in a way that
only described in-context learning for Transformer architectures trained with next token prediction objectives. Accordingly,
despite extensive research on the algorithms/problems that a transformer-based model can learn in-context (Akyiirek et al.
2022, 2024b; Zhang et al. 2024a; Dherin et al. 2025), the in-context learning as its general form is relatively underexplored.
Throughout this paper, we use the most general definition of “in-context learning” and refer to it as the ability of a
model to adapt itself to and learn from a given context. Our NL formulation connects ICL with the concept of associative
memory, offering a unified explanation for the ICL capabilities of models regardless of their architectural backbone and/or
objectives.

3 Nested Learning

This section discusses the motivations, formal definitions, and general high-level implications of Nested Learning (NL). We
start with a formulation of associative memory and then by using step-by-step examples, we build the intuition behind
architecture decomposition and its connection to modeling a neural network as an integrated system of optimization
problems. We aim to first show how existing methods and concepts in deep learning fall under the NL paradigm and then
we present new formulations that go beyond traditional methods and/or provide insights on how to improve existing
algorithms and designs.

3.1 Associative Memory

Associative memory—the ability to form and retrieve connections between events—is a fundamental mental process and
is an inseparable component of human learning (Terry 2017). Often in the literature, the concept of memorization and
learning are used interchangeably; in neuropsychology literature, however, these two are clearly distinguished. More
specifically, following neuropsychology literature (Okano et al. 2000), we build our terminology based on the following
definition of memory and learning:

Learning vs. Memorization:

Memory is a neural update caused by an input, and learning is the process for acquiring effective and useful memory.

In this work, our goal is to first show that all the elements of a computational sequence model, including optimizers and
neural networks, are associative memory systems that compress their own context flow. Broadly speaking, associative
memory is an operator that maps a set of keys to a set of values. We follow the general definition of associative memory by
Behrouz et al. (2025b):

Definition 1 (Associative Memory). Given a set of keys K C R% and values 'V C R%, associative memory is an operator
M) that maps the set of keys K to values V. To learn such mapping from the data, an objective L(-;-) measures the quality
of the mapping and M can be computed by:

M* = argmin LM(K); V). (6)



While the operator itself is a memory and the mapping acts as a memorization process (i.e., memorizing the connections of
events in the context), acquiring such effective operator based on the data, is a learning process. Notice that, here, keys and
values can be any arbitrary event that memory aims to map them and are not limited to tokens. Later, we will discuss
that given a context flow, keys and values might be tokens, gradients, sub-sequences, etc. Furthermore, while the term of
associative memory is more common in neuroscience and neuropsychology literature, the above formulation is also closely
related to data compression and low-dimensional representation. That is, one can interpret the optimization process in
Equation 6 as the training process of a network M(.) that aims to compress the mappings into its parameters, representing
them in a lower dimensional space.

In sequence modeling, where keys and values are input tokens (e.g., tokenized text), the choice of objective and the optimiza-
tion process for solving Equation 6 can result in distinct sequence modeling architectures (see Liu et al. 2024b and Behrouz
et al. 2025b) such as global/local softmax attention (Vaswani et al. 2017), or other modern recurrent models (Katharopoulos
et al. 2020; Sun et al. 2023; Behrouz et al. 2025c). This simple formulation of sequence models provides us with better
understanding of their internal process and also a tool to simply compare their modeling power based on their objective
and optimization process. In the following, using step-by-step examples, we discuss how this formulation can be applied to
all components of a neural architecture (including its optimization process in pre-training) and in fact, how a model is an
integrated system of multi-level, nested, potentially parallel memories, each of which with its own context flow.

A Simple Example of MLP Training. We start with a simple example, in which we aim to train a 1-layer MLP
(parameterized with W) for task 7~ and on dataset Diain = {x1,. .., X|D,,|} by optimizing the objective L(-;-) with
gradient descent. In this case, the training process objective is to solve the following optimization problem:

W* =arg mMi]n L(W; Dirain)s @)
whose optimization by (stochastic/online) gradient descent results in a weight update rule:
Wit = W = 1t Ve LWes x41) = We = 041 Vg, LWe5 X141) ® X141, where xt41 ~ Dirain, ®)
Surprise Surprise in the Output

where y;+1 = Wx;y is the output of the model for input x;,; and we used the simplifying notation: V,,, L(W;;x41) :=
%b:wmﬂ- In this case, Vyy L(W;; x441) is the surprise metric that shows how much the current input is different from
previously observed data. Similarly, V,,,, £(W;;x;41) is the surprised metric for the output (or more accurately local
surprise signal in representation space that quantifies the mismatch between the current output and the structure the
objective L(-;-) enforces)-measuring how much surprising the model’s prediction is for this input. Given this formulation,
one can let the surprise value of output be u;11 = Vy,,, L(W;; x;41) and reformulate the backpropagation process as the
solution to an optimization problem on finding an associative memory that maps input data points Diyain = {xt}ltg‘“““‘ to
their corresponding ;41 = Vy,,, L(W; x441). That is, we let M(-) = W; - parametrizes the memory, and use dot-product
similarity to measure the quality of W;’s mapping between x;41 and V,,, L(W;; x441):

1
IW-Ww,l5. (9
2’7t+1 ti

Wisr = argmin (Wixrsr, trsn) + W = W,||5 = arg min (Wi, Vy,, LW x11)) +

t+1
Therefore, this formulation translates the training phase of the model as a process of acquiring effective memory that maps
data samples to their Local Surprise Signal (LSS) in representation space—measuring how surprising its corresponding
output is. This gradient can be viewed as an error in the prediction (with gradient being zero when the loss is minimized).
Later in Section 4, we discuss the backpropagation process as an associative memory in more details, but as a preliminary
takeaway from this simple example:

Training a Linear Layer with Backpropagation as a Surprise-based Memory:

A linear layer trained with backpropagation learns from data by memorizing how surprising their predicted outputs
are; i.e., backpropagation can be viewed as an associative memory that maps each data sample to the error of its
corresponding prediction.

Accordingly, in this example, our model has a single gradient flow over the data samples, which is only active over dataset
Dirain = {X1, .. ., X| Dy, | } a00d will be frozen for any other data samples afterwards (i.e., inference or test time).



In the above example, we can replace the gradient descent algorithm with its momentum-based variant, resulting in the
update rule of:
Wie1 = Wp — myyq, (10)
mery =my + 0 Vw LW xe41) = my + 0001V, LW Xp41) @ X1 (11)
In Equation 11, given the previous state of Equation 10 (at time t), the value of Vv £L(W;; x;11) or similarly V., L(W;; x441)

does not depend on the output of recurrence in Equation 11 and so can be pre-computed beforehand: Leting u;41 =
Vw L(W;; x:41), Equation 11 can be reformulated as:

Wip1 = Wi —myyq, (12)
My =argmin —(m, Viy, L(Wp; xp41)) + lm —m, |5 = argmin —(m x,41, Vy,,, L(Wis x041)) + lm — m,|l5.
m 21141 m t+1

(13)

Given this formulation, one can interpret the momentum term as either: (1) a value-less associative memory that compress
the gradients into its parameters, or (2) an associative memory that learns how to map data points to their corresponding
LSS-value. Interestingly, this formulation reveals that gradient descent with momentum can be viewed as a two-level
optimization procedure, where the memory is optimized by simple gradient descent algorithm?.

Concluding the above examples, we observed that the training process of a 1-layer MLP with: (1) Gradient descent is a
1-level associative memory that learns how to map data points to their corresponding LSS-value; and (2) Gradient descent
with momentum is a 2-level associative memory (or optimization process) that the inner-level learns to store gradient
values into its parameters, and then the outer-level updates the slow weight (i.e., W;) with the value of the inner-level
memory. While these are the most simple examples with respect to both architecture and optimizer algorithms, one might
ask if similar conclusion can be made in more complex setups.

An Example of Architectural Decomposition. In the next example, we replace the MLP module in our previous example
with a linear attention (Katharopoulos et al. 2020). That is, we aim to train a 1-layer linear attention for task 7~ and on a
sequence of Dipain = {X1, ..., X|p,,,|} by optimizing the objective L with gradient descent. Recalling the unnormalized
linear attention formulation:

kt = ka[: U = vat, q: = qut, (14)
M =M1 + Utk;r, (15)
yr = Mq; . (16)

As discussed in earlier studies (Liu et al. 2024b; Behrouz et al. 2025b), the recurrence in Equation 15 can be reformulated as
the optimization process of a matrix-valued associative memory M, () to compress the mappings of keys and values into its
parameters. Specifically, in Definition 1, if we let .EN(M,_I; ki, v;) := —(M;_1k;,v;) and aim to optimize the memory with
gradient descent, the memory update rule is: (Note that V.[:(Mt_l; ki, v;) = —v,k/] and we let learning rate 5, = 1)

. 1
M;y1 = arg min —(Mkt41,0041) + EIIM - Mell3 (17)
= My =M; - V—i(Mt§kt+1,0t+1) =M; + Ut+1k;r+1, (18)

which is equivalent to the update rule of an unnormalized linear attention in Equation 15. Also, as we observed in the first
example, training a linear layer with gradient descent can be viewed as a 1-level optimization of an associative memory
(Equation 8) and so the general training/updating process of projection layers (i.e., Wi, W,, and Wy) is itself an optimization
process of associative memory. Therefore, training a linear attention with gradient descent can be seen as a two-level
optimization process, where the outer-loop (also known as training process) optimizes the projection layers with gradient
descent, while the inner-loop optimizes the inner memory of M; with gradient descent.

In the examples we discussed so far, we have two associative memories, each of which has their own optimization process
and gradient flow. That is, in the optimization of the outer-level parameters of W, W,,, and Wy there is no gradient

'We use the term two- or multi-level to describe the optimization procedure. This differs from classical multi-level optimization, where the optimization
problems are arranged hierarchically.
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Figure 3: An example of comparing a FFN (e.g., MLP) with linear attention in a Transformer-based backbone, optimizing
with gradient descent. The red components are blocks in the first level (with frequency 1), while blue components are blocks
in the second level (frequency L). Linear attention with learnable initial memory state (referred to as Linear Attention++)
is the same as an MLP layer but with in-context learning ability and adaptation to the input sequence.

with respect to parameter M(-) and so there is no backpropagation through it. Similarly, in the inner-level, there is
no backpropagation through projection layers and they are considered frozen. Furthermore, it is notable that in this
example, the above formulation is also closely connected to FWPs perspective of linear attentions (Schlag et al. 2021),
where projections are considered slow weights, and memory update in Equation 15 is the fast weight update rule.

Architectural Decomposition with More Levels. In both examples above, we discussed how they can be viewed as a
2-level optimization process (coinciding with their FWPs interpretations). In practice, however, we may need to use more
powerful optimization process, and/or more powerful recurrent update rules for memory. As a simple example, assume we
use gradient descent with momentum to train a linear attention model. As we saw above, the linear attention component
can be decomposed into two nested optimization processes. Similarly, the model here can be represented as a 2-level
optimization problem, where (1) the inner level optimizes the memory to compress the context using gradient descent
(Equation 17), and (2) the outer level optimizes the projection layers with gradient descent with momentum. Interestingly,
we saw that “gradient descent with momentum” algorithm itself can be viewed as a 2-level optimization process where the
momentum term itself is an associative memory that compress the past gradients into its parameters.

3.2 Nested Optimization Processes

In the previous section, we provided examples to demonstrate how one can decompose a machine learning model into a
set of nested or multi-level optimization procedures. Next, we first present a formalization of nested learning problems and
then define Neural Learning Module-an integrated computational system that learns from data.

In previous sections, we decomposed the model into a set of optimization process. However, it is still unclear if we can
define a hierarchy (or order) over these processes, and uniquely represent the model in this format. Inspired by the
hierarchy of brain waves that indicates the information processing frequency rate of each part (discussed in Section 1), we
use the update rate of each optimization process to order the components in multiple levels. To this end, we let the one
update step over one data point to be the unit of time, and define the update frequency rate of each component as:

Definition 2 (Update Frequency). For any component of A, which can be a parametric component (e.g., learnable weights or
momentum term in gradient descent with momentum) or a non-parametric component (e.g., attention block), we define its
frequency, denoted by fa, as its number of updates per unit of time.

Given the above update frequency, we can order the components of a machine learning algorithm based on operator (- > -).
We say A is faster than B and denote A > B if: (1) fy > fB, or (2) fa = fz but the computation of the B’s state at time ¢

requires the computation of A’s state at time t. In this definition, when A % B and B # A, we let A L B, which indicates
that A and B has the same frequency update, but their computation is independent of each other (Later, we provide an
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example of this cases in AdamW optimizer). Based on the above operator, we sort the components into an ordered set of
“levels”, where (1) components in the same level have the same frequency update, and (2) the higher the level is, the lower its
frequency. Given the above formulations of levels and update frequency, we next formally define nested learning:

Definition 3 (Nested System). A (ordered) nested system is a system with K (ordered) levels such that each levelk,1 < k < K,
consists of a set of optimization problems {(Li(k), Cl.(k) <k))}l ", where L;(+;) is the optimization objective in the i-th problem,
C; is its context (the data that is optimized on), ©; is the feasible set of its parameters, and each parameter is optimized using
gradient descent:

6, X = argmin (@ %011, -VLI (01 x041)) + [@%) — 6,12 where x111 ~CF, and &, c0*) (19)
LD

It+1 (k)

i 2Mipsq

Notice that each optimization process has its own gradient flow, and therefore sometimes we refer to them as a box of
gradient flow corresponding to an optimization problem. Through this paper, we further generalize our definition of nested
systems, and allow finding non-parametric solutions for some boxes (i.e., optimization problems).

The above definition provides a general flexible definition for a nested system that does not specify if there is any dependence
among different boxes (i.e., a box can determines the context or the parameter space of another box). In the next sections,
we discuss how knowledge/information can be transferred between different levels or boxes. Throughout this paper, we
focus on the Nested Systems of Associative Memories (NSAM) that is a nested system, in which each optimization process is
an associative-memory. More formally,

Definition 4 (Nested System of Associative Memories). A nested system of associative memory (NSAM) is a system with K
(ordered) levels such that each level k, 1 < k < K, consists of a set of optimization problems {(.£<k) C(k) O(k))}l \, where

C = {(k(l) ]<.l))}j=1 is a set of key-value pairs, L;(-;-,-) measures the quality of memory learned mappings in the i-th

problem, ©; is the set of feasible memory parameters with each parameter optimized using gradient descent:

0iysy = argmin (@[ ki) ~VLE (01K 0/0)) + —5 19" — 0471, (20)

41 t+1° t+10 P41 (k)
;" Mits1

where (kt(i)l, gi)l ~ Ci(k) and CI)i(k) € G)Ek).

Given a query q, for each associative memory Mfk), we use Ml.(k) (q) to refer to the forward pass process (i.e., retrieval
process) of the memory. While our formulation of NSAMcan simply be defined by any optimization process beyond gradient
descent, and initially, it may seem that the strict condition of optimization by gradient descent can limit the modeling
power of the definition, through this paper, we show that modern architectures alongside certain well-known optimization
algorithms can be viewed as instances of NSAM. We then build on top of this intuition and discuss how to go further with
stacking multiple levels and design models with enhanced continual learning capabilities.

The new dimension of stacking multiple levels is an important characteristic of nested learning, where the depth of
computation can be enhanced with increasing the number of levels. Depending on the design, context, and the type of
knowledge transfer, this depth of computation can itself be viewed as different concepts such as: higher-order in-context
learning ability, latent computation (e.g., Loop Transformers), multiple memory systems, and more expressive optimizers.
Later, we discuss all such implications, but next, we use a simple example that connects MLP layers in Transformer
architectures with linear or deep memory blocks.

Example of an MLP Layer vs. Linear Attention. Let us compare two models: (1) a Transformer architecture, and (2)
the same backbone but with replacing the MLP block with a linear attention mechanism (sharing the keys and values
from previous layer), in which the initial state of its memory is meta-learned (similar to Behrouz et al. (2025¢) or Sun
et al. (2024)). We refer to the second variant as Adaptive Transformer or AdaTransformer. Both models are optimized on
Next Token Prediction (NTP) objective with gradient descent. As discussed in the initial examples, and also illustrated in
Figure 3, both models have two levels, and for the sake of clarity, we use red (resp. blue) to highlight computations/weight
in the first level (resp. second level). More formally, let X = {x;}__, be an input sequence of tokens, the output of both
blocks are computed as (For the sake of simplicity, we assume MLP(: ) = - Wip , and remove normalizations):
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ki =x, Wy, v = x; W, q: =x: Wy, ki =x, Wy, v =x; Wy, q: =x: Wy,
Yattn = Attn (k,0,q), Yattn = Attn (k,0,q),
Yolock = MLP (Yattn) = Yattn Wip, (Transformer Block) Yblock = Yattn WiinAttn- (AdaTransformer Block)

The formulation of both blocks seem to be very similar and the only difference comes from the level of Wy p and W ipattn
weights. That is, while Wy p is in the first level and so is persistent with respect to the context, W[ jpattn is adaptive and is
updated in-context by (M(+) is parametrized by W inattn):

Mt = Mt—l + Utk:. (21)

In earlier variants of linear attention, the initial state of M(-) or equivalently Wi inattn is considered as zero matrix,
M = 0. Similar to more advanced design choices (Sun et al. 2024; Behrouz et al. 2025¢), however, this initial state can
be meta-learned to adapt fast to a context. In this setting, the initial state of My = Wi inattn,,;, is optimized in the first
level with NTP objective, while given the context, W{ jnattn is optimized in the second level as an associative memory with
dot-product objective (Behrouz et al. 2025b).

The above example is also valid when using more advanced and deep MLP blocks in Transformer architecture (such as
SwiGLU (Shazeer 2020)) and compared it with its recurrent memory counterpart (Behrouz et al. 2025a). Furthermore, this
simple example implies that the current perspective on hybrid architectures as the combination of expressive softmax
attention and efficient recurrent models is somewhat misleading and it follows the conventional Transformer backbone
design but with additional in-context learning capabilities for MLP blocks. We discuss this further in Section 6 and Section 7.
As a takeaway of the discussion in this subsection about the concept of nested systems and nested learning:

Stacking Levels in Nested Learning:

Nested learning allows computational models that are composed of multiple (multi-layer) levels to learn from and
process data with different levels of abstraction and frequencies of update.

As discussed earlier, it is common in the literature to separate architectures from their optimization processes and to treat
them as independent design choices, with the aim of combining algorithms that achieve the greatest expressive power
in each aspect. In practice, however, a Transformer architecture (Vaswani et al. 2017) that is optimized with stochastic
gradient descent can learn a very different solution than the same architecture when Adam optimizer is used (Kingma et al.
2014a). Accordingly, when interacting with such machine learning algorithms, we observe that despite the similarity in
the architecture axes, the overall trained models show different predictions or generates different outputs. From the NL’s
viewpoint, however, a machine learning algorithm is represented as an interconnected system of optimization problems
and model’s actions, predictions, and generation of output depends on this system as a whole, not necessarily each of its
sub-components. To this end, we define the term of neural learning module to refer to this representation of a model, where
architecture and optimization process jointly determine the model and its outputs. While such joint representation might
not seem significant in the current machine learning pipelines, where there is a training and then test phases, it becomes
more important in the continual setup we advocate for, where there is no training/test phases (see more discussions in
Section 8).

Neural Learning Modules are Inter-connected Systems. Based on the definition of neural learning module, one
important question is how the architecture and optimization process are interconnected systems and how they can affect
each other. Recall the general formulation for training a neural network: Given a task 77, its corresponding data distribution
p(7), amodel f(-;-) parameterized by @7, and an objective L(-;-) we aim to learn parameters ®- such that:

7 = arg mqin Exy-pr) [L(Dx,9)]. (22)

In practice, we optimize the above problem based on a given dataset Diyain and an optimization algorithm such as stochastic
gradient descent:

D1 =D — 91 Vo, L(Ds; Xp41, Y1), where (%41, Y1) ~ Dhrrain- (23)
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One interpretation for the optimization process of model f(-;-) in Equation 23 is to see the model as the data generator for
the optimization process in Equation 23. That is, as discussed in the first example in Section 3.1, and later we will show in
Section 4, the optimization process is an associative memory that aims to compress the patterns between the training data
and its gradients (or surprise) and so the dataset for internally training such memory (i.e., the gradients of the model) is
generated by the model. Therefore, the type of the model can result in generating dataset (i.e., gradients) with different
patterns and distributions over time. The effect of the optimization process and this data generation also fed back at the
model itself, where the next state of the parameters in the model are determined by the optimization algorithms. As we will
discuss in Section 4, looking at optimizers as associative memories on the gradients of the model implies that each optimizer
has some special traits such as better memory management, higher compression, etc. Therefore, the choice of such
algorithms requires understanding the generated gradients and also changes of the model in the parameter space.

3.3 Knowledge Transfer Between Levels

So far, we mainly focused on the concept of nested learning and how optimization problems are located in different levels.
It is, however, still unclear that how nested optimization problems (in different levels) can affect each other, or in general
how they can contribute to the output of the system, and so be interconnected. In this section, we discuss several potential
knowledge transfer methods between components in different levels. For the sake of clarity, we discuss the knowledge
transfer between two levels and blocks, i.e., 8% = (.E(O), c, (9(0)) and 8V = (.£<1), cW, (9(1)) with corresponding
memories M(® () and M (-), respectively:

Direct Connection of Levels (Parametric). The first type of knowledge transfer is to directly incorporate the weights in
different levels or blocks. To this end, the forward pass or the retrieval process from the lower-frequency (i.e., higher-level)
memory system is also conditioned on the parameters of the higher-frequency (i.e., lower-level) memory:

M(O)(-) :=M(O)(-; @)(1)). (24)

In a more specific formulation, and as a special variant of the above formulation, we can condition the output of M) (-)
based on the output (or forward pass) of the higher-frequency memory:

M(O)(-) :=M(°)(-; M(l)(-)), (25)

where we slightly abused notation by hiding the dependence on the second argument. As an example of this type of
knowledge transfer, in linear Transformer (or FWP) (Katharopoulos et al. 2020; Schlag et al. 2021), where the initial memory
state is zero, the stored knowledge of a lower level (fast weight) directly affect the output of the model in another level.
That is, one can re-write the forward pass (memory retrieval) as:

Forward pass of the
higher-frequency memory

Yy = Miqe = M, [xth] (26)
——
Forward pass of the
lower-frequency memory

Direct Connection of Levels (Non-Parametric). Another form of direct connection between levels is a non-parametric
variant of the above formulation, where the block 8! is optimized by finding non-parametric solution. Therefore, the
forward pass of the low-frequency memory is conditioned on the context and output of higher-frequency memory:

MO = MO, ¢y, or similarly, MO = MO MD (M), (27)

As an example of this variant, one can refer to Transformers and softmax attention module (Vaswani et al. 2017). There is an
important characteristic for both above variants: there is no backpropagation through any state of the blocks in two different
levels and knowledge transfers through direct conditioning the output of one level on the other’s output/parameters.
Therefore, in this process the state of each block is treated as hyperparameter for the other.

Knowledge Transfer via Backpropagation. Another form of knowledge transfer is through backpropagation, where
there is a gradient flow between blocks in different levels. The forward pass of this design is the same as the forward
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pass discussed above. The backward pass, however, is the main difference, where in the above two cases the state of each
associative memory is considered as hyperparameters of the other but here both states are optimized in the same gradient
flow. Therefore, for a simple case of two blocks in two levels, we have:

MO () = MO MDD () (Forward Pass)
1 _ oM (1) :
{ Ot =y it O Fr (Backward Pass)
0,1 =0, — 1y Sox)y,

where 653)1 = Jyo (%141)" (@;}r)l St(i)l) %141 = 0O MO (x,)), ¢V (-) is non-linearity, and Jyo (+) is the Jacobian. In this
design, two blocks are in the same flow of gradient, but are updated based on different frequencies. We provide an example

this design in Section 7, when we discuss continuum memory systems.

Knowledge Transfer via Initialization. Model Agnostic Meta-Learning (MAML) (Finn et al. 2017), is one of the most
popular form of meta-learning (or learning to learn) that aims to learn a global initial point for a model so it could learn fast
a new task. From the nested learning perspective, there are two nested optimization processes, in which the inner problem
iterates over its own context and based on its internal objective, the higher-level problem measures its own learned weight
as the initial point of the inner problem. More formally, we have

e" = argmin E¢_co [t(M“) (+9),0)|, (28)
0]

where the higher level block learns the best initial value over all possible contexts the lower level problem might have. As
discussed earlier, any MAML-based learning model is an instance of this case, but as a more specific example, we refer to
the example of (MLP Layer vs. Linear Attention), which is discussed in Section 3.2 and Figure 3.

Connections with Generation. One of the most common form of knowledge transfer is through generating weights or
context. That is, one lower-frequency (resp. higher-frequency) block generates the weight of a higher-frequency (resp.
lower-frequency) block. More formally,

o=y (M<°>;L<°2c<°>,e<°>), or cW=yg (M(o>;£(ogc<o>,9(o>), or

00 _ g (M(l); £0em) 6(1)) , (Weight Generation) CO=g (M(l);L(IEC(l), 9(1)) . (Context Generation)
There are two important examples of the above form for knowledge transfer: (1) Hypernetworks: where the weights of a
targeted neural network is generated by another (generator) network. (2) Optimization process: where the architecture
generates the input for the optimizer. That is, the context (or input data) of an optimizer is the gradients that are generated
by the architecture. For more discussion on this topic, see Section 4. Note that this example is not necessarily about
“learned optimizers” and it is valid for the commonly used optimization process and algorithms such as gradient descent,
Adam (Kingma et al. 2014a), AdaGrad (Duchi et al. 2011), etc.

A Note on Designing Neural Learning Modules. In the above, we discussed only some examples of possible knowledge
transfer methods and also the potential connections of different levels. The formulation of NL and neural learning module,
however, is general and so is not limited to the above specific set of methods. Accordingly, to design a neural learning
module from a nested learning perspective, there are two important steps and design choices:

Designing Neural Learning Modules:

There are two high-level design choices in developing a neural learning module: (1) The design of optimization problems
and their frequency (i.e., designing components in NSAM); (2) The design of knowledge transfer between levels.

It is notable that with different choices of knowledge transfer, some learning paradigms can be seen as a part of a neural
learning model: E.g., (1) Meta learning, when two blocks in two levels transfer their knowledge with one level meta-learns
the other; more specifically, (2) Model Agnostic Meta Learning (MAML) (Finn et al. 2017), when knowledge transfer is
though learning the initialization; (3) Hypernetworks, when one higher-frequency block generates the weights for the
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other lower-frequency block; (4) Learned optimizers, when the knowledge transfer is through data generation (i.e., one
high-frequency block generates the gradient for the other lower-frequency block).

4 Optimizers as Learning Modules

In this section, we start with viewing backpropagation process and optimizing a neural network from the associative
memory and data compression perspective. Then, we discuss how variants such as momentum-based optimizers are
instances of nested associative memory systems. Finally, we discuss alternative methods leading to deep optimizers with
higher expressive power from the associative memory perspective.

4.1 Backpropagation as an Associative Memory

Updating the weights of a neural network through backpropagation (Linnainmaa 1970; Rumelhart et al. 1986) has been the
critical component of training large-scale deep neural networks. Intuitively, in this optimization process, first, the error of
the model’s output with respect to target is calculated, and then each layer is updated based on its contribution to this error.
This section aims to explain this process through the lens of associative memory and discuss how it fits within the nested
learning paradigm. For the sake of clarity and simplicity, we assume a deep MLP model, but all the derived formulations
in the following can simply be adapted to other architectures as well. Given an MLP with L layers parameterized with
{W, - + by }L_,, the required gradients in backpropagation are computed as:

——=&%_, and &= Js (z0)" (Wi 6es1) . (29)

local output surprise for layer ¢

where z, = W; X,_1 + b is pre-activation, and so X, = ¢, (z,) is the output of ¢-th layer, ¢,(-) is its non-linearity, and Jy,(-)
is the Jacobian. Therefore, the update of the ¢-th layer with gradient descent is computed as:

Mf[tﬂ = M/{z Nty ¢ "Act—’r—l . (30)

Here, x,_; is the input of the layer and &, measures the local error signal for layer ¢ or equivalently is a metric that measures
the surprise of layer ¢’s output given its input. Similar to our example in Section 3.1, we can write Equation 30 as:

1

W;,,, =arg mmi/n (W1, 8) + W — W, 1|2, (31)

brv1

which is an associative memory module that aim to map the input of each layer x,_; to its local error signal, &, (see
Definition 1). That is, the above formulation implies that the training process of a neural network with gradient descent and
backpropagation can be viewed as a compression process, in which each layer stores the mappings between its input and
the corresponding local error signal. Later in §4.5, we discuss how this viewpoint helps with designing more expressive
learning rules for backpropagation.

Training a Deep Neural Network with Backpropagation as a Surprise-based Memory:

A neural network trained with backpropagation learns from data by memorizing how surprising their predicted outputs
are; i.e., backpropagation is an associative memory that maps each data point to the error in its corresponding prediction.

Backpropagation # Linear Attention. A common misinterpretation for Equation 30 is to assume &, is a pre-computed
term and so backpropagation (at least on a linear layer) recovers Hebbian-rule, resulting in the equivalency of the
optimization process and performing linear attention on gradients. Our formulation, however, shows that the update rule in
backpropagation is a self-referential process (Schmidhuber 1993), where the values of the associative memory is generated
by itself, making it a more complex associative memory than a simple linear attention on gradients (see Section 4.5).

4.2 Momentum-based Optimizers as Associative Memories

Momentum-based optimizers are the major components of modern machine learning models’ training (Duchi et al. 2011;
Kingma et al. 2014a; Jordan et al. 2024). To explain momentum-based optimizers as associative memories, let us start from
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a simple gradient descent algorithm:
Wi = W; - UtVWt-E(‘/Vt;le), (32)

which updates the current state of the weights based on the momentary gradient (surprise). This update rule does not
incorporate the previous tokens and also the loss landscape that have been traversed so far, resulting in slower (or less
robust) convergence in many scenarios. To fix this, momentum-based gradient descent methods incorporate an Exponential
Moving Averages (EMAs) of past gradients:

vazn = Mr tmy,,,

— A _ AT
my,,, = aprame, = Ners1 Vi, £ (We,3 %41) = g peime, — N1 8 X4, (33)

where matrix (or vector) m; is the momentum at state t and «; and 5, are (adaptive) learning and momentum rates,
respectively, and &, and x,_; are defined the same as in Equation 29. Similar to Equation 31 and one of the examples in
Section 3.1, assuming a;4+; = 1, the momentum term can be viewed as the result of optimizing the following objective with
gradient descent:

min (m X;_1, 8;). (34)
m

The case of a;1 # 1 is equivalent to GD on the above minimization plus an #,-regularization on the momentum term.
Thus, momentum can indeed be viewed as an associative memory module that learns how to compress the past gradients
of the objective into its parameters. Contrary to Equation 31, which was a simple 1-level associative memory and the
update was directly applied to the memory, here the state of the momentum determines the update for the weights. In
other words, it is a 2-level optimization procedure, in which the inner-loop learns the momentum and the outer-loop uses
the state of the momentum to update the weights.

From this perspective, we can generalize the definition of momentum from EMAs to any arbitrary associative memory
module that aims to compress the past gradients or maps the input of each token to its corresponding local error. This
generalized momentum can be expressed as:

Mtn = Mt + mft+1’ (35)
(36)

where m;, is the solution of the following associative memory, optimized by gradient descent:

min £ (m; %o_1,—8) . (37)

Here, the objective £(") is different from the original objective of the problem at hand, and L() is the objective that
defines the momentum and measures the quality of its mappings. In fact, the momentum term in this formulation aims to
adapt in-context (recall that the context of the momentum is the gradients) to the local error rates based on the input of the
layer. Most popular optimizers are formulated as element-wise update rule (for computational efficiency reasons) and so in
Appendix B, we first explore the element-wise associative memory formulation of momentum and connect it to popular
optimizers such as Adam (Kingma et al. 2014a). Showing that Adam can be viewed as the optimal associative memory
to the Ly-regression objective that aims to predict the variance of gradients, we discuss other similar algorithms such as
RMSProp (Hinton et al. 2012), SignSGD and its momentum-based variants (Bernstein et al. 2018), NAdam (Dozat 2016),
AMSGrad (Reddi et al. 2016), RAdam (Liu et al. 2020), and Lion (Chen et al. 2023) are also instances of an associative memory
that aims to compress the gradients. We then go beyond element-wise formulation and show that AdaGrad (Duchi et al.
2011) is also an associative memory module. Due to the connection of AdaGrad with optimizers such as Shampoo (Gupta
et al. 2018) and Soap (Vyas et al. 2025)-i.e., as the approximation of the preconditioning term-we then conclude that
all these optimizers can be re-formulated as associative memory. Next, we discuss another class of optimizers based on
preconditioning and reformulate them from NL’s perspective in more details:

Preconditioning and Approximation of Hessian. Another class of algorithms is preconditioning algorithms where the
idea is to approximate Hessian inverse to mimic the behavior of Newton’s algorithm. Formally, gradient descent with pre-
conditioning is defined as:

vazﬂ = Mz — Ne+1 Pt;% 9trs (38)
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where preconditioner P;,; is often a positive-definite matrix. A critical interpretation of preconditioner is their role in
performing gradient descent in a transformed coordinate system, which can be viewed as a mapping from gradients to that
system of interest. Accordingly, we reformulate and interpret the preconditioner in Equation 38 as an associative memory
that maps the set of gradients (or a function of gradients denoted as g) to the system of our choice, denoted as g:

Mﬁ»l = I/V(’, ~ 1 Pt:—i (g[t+1) > (39)
where internally (in a nested level), P;,; learns how to perform this mapping using an objective:

m};n L(P(9):9). (40)

Given this viewpoint, the main question is about finding the best coordinate system that can empower the compression
process. The most simple variant is an identity mapping, where we preserve the metric system and use P to map g (i.e.,
gradients in this case) to itself, resulting in preconditioning terms in Adam (Kingma et al. 2014a) and AdaGrad (Duchi et al.
2011), as discussed in Appendix B. These results, along with the representation of Adam and its variants as associative
memories, show that not only momentum-based optimizers are associative memories, but they also can be decomposed
into a set of nested learning problems, each of which optimized with gradient descent. In a more general form, however,
one can use more nested levels and optimize the inner problems in Equation 40 with gradient descent, resulting in:

Prv1 = Py — G41Ve, L (Pri grans Gre1) - (41)

In the NL framework, to design an effective preconditioning, one needs to find the right choice of § and £. This viewpoint
can also lead to other classes of algorithms with gradient/momentum orthogonalization: e.g., Muon and its variants (Jordan
et al. 2024; Cesista 2025; Keigwin et al. 2025). Recalling Muon optimizer (Jordan et al. 2024):

We,,, = We, + NewtonSchulzy (my,,,)

My, . = Qpry1Myp, — ’7[,[+1VW“-£ (Wl,; xt+1) > (42)

where NewtonSchulz (-) performs k steps of Newton-Schulz orthogonalization process. From the above discussion about
the general formulation of preconditioning, one can see NewtonSchulz(-) operator as a mapping from gradients of
momentum term to a proper metric system. The choice of proper coordinate system in Muon is to orthogonalize the
gradients and so we aim to find a mapping P (-) by minimizing a loss function minp L (P;0,m) where objective £(+;-,-)
measures the quality of mapping from O to either m or g by P(-). A critical challenge in this process is that the parameter
O itself is not given and so the mapping requires learning both the mapping and the proper orthogonal space. A simple
formulation measuring orthogonalization, can be achieved by defining the objective as:

L(P(9);9) = |P(9)"P(g) - Il (43)

where P(g) is the orthogonal space that we aim to directly learn from gradients. This objective ensures that the gradients
(or momentum) and their mapping are relatively close while the mapping is to an orthogonal space. Optimizing the above
objective to find O = P(g) with one step of gradient descent results in:

Oi+1 = 0; = {i1Vo, £ (0i39:) = O; = L1 (0i — g +20; (07 0; - 1)), (44)

which recovers the 3-degree polynomial (initial value Oy = g;). In a summary, the higher-frequency level learns the
orthogonal mapping and then the lower-frequency process use the learned mapping to optimize the weights. Later, in
Section 4.4, we discuss a more general viewpoint that considers NewtonSchulzg (-) as a polynomial mapping to enhance
the capacity of the memory.

4.3 LongContextin Optimizers: An Example of Continual Learning with Orthogonal Tasks

When removing the boundary between train and test time, and moving towards models that can continually learn for a
long period of time, the role of (online) optimizers becomes more prominent: mainly due to the need for finding effective
“solutions" rather than converging faster. Finding an effective solution, however, requires global understanding of the
objective to avoid “local minima" as well as moving toward directions that might cause (catastrophic) forgetting of long
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past learned tasks. From associative memory perspective and as discussed earlier, the momentum term is expected to be a
memory of past gradients, helping the optimization process to have a more global view of the loss landscape. The current
design of momentum, however, acts as a simple low-pass filter that smoothifies the gradient updates and thus has limited
capacity with only incorporating information from recent past.

To better illustrate this limitation, let f > 0 be the momentum’s decay term, and so the contribution of i-th gradient
before to the current state of the momentum can be calculated as 8’ (1 — ). Considering the cumulative sum of gradients’
contributions to the current state of the momentum term (i.e., S; = >;;_; /(1 — f)) and the commonly used value of § = 0.9
in optimization setups, the last 6 gradients (resp. 43 gradients) are responsible for at least 50% (resp. 99%) of the cumulative
contribution, i.e., S;. This indicates that gradients and generally the global information beyond only past 43 steps contribute
less than 1%, limiting the understanding of the objective landscape and the ability to find effective solutions. This simple
example shows that the current design is limited even in incorporating the long past information, let alone its ability to
properly retrieve information needed for the current state of the momentum.

Coming back to the setup of continual learning and considering one of its simple variants with orthogonal tasks. We let
{(75, Dy, Li)}], be the set of tasks, their corresponding data, and their objectives such that for task 7;:

Li(W) = E(x,y)~.'D,- [(WTx - y)z] 5 (45)

and gradients live in orthogonal directions of {u;}" . Given the task 7; (for large enough t > 1), when optimizing
the problem with gradient descent with momentum, and after many steps on task ¢, the gradients now point along u;.
Accordingly, the momentum term is gradually shifted and now is approximately in u; direction. This can lead to gradual
forgetting about past gradients, which in turn may cause catastrophic forgetting in the model. That is, the optimization
process can move the weights in a direction that damages the performance on previous tasks, mainly because the optimizer
has no memory of the old gradient subspace that it should avoid. This failure is not about the capacity of the model but the
memory management of the optimization process, failing at finding an effective solution.

Long Context Understanding in Optimizers

Moving from static models to neural learning modules that can continually learn from data/experience, the optimization
process itself can benefit from long-term compression/understanding of gradient subspace to find effective solutions
over diverse sets of tasks and for a long period of time..

Motivated by this observation, we next discuss more expressive variants of momentum that are capable of better memory
management and higher memory capacity:

4.4 More Expressive Designs for Momentum as an Associative Memory

So far we discussed that (1) momentum term can be viewed as an associative memory that aims to compress the (past)
gradients into its parameters; and (2) for developing models that can continually learn for a long period of time and on
diverse sets of tasks, the optimization process need proper information about long past and the global properties of loss
landscape. Next, we discuss how Nested Learning and associative memory viewpoint could result in designing optimizers
with diverse memory management/structure:

Extension: More Expressive Association. As discussed earlier, vanilla momentum term can be viewed as a value-less
associative memory. To allow more expressive associative memory and following the original definition of associative
memory (i.e., mapping keys to values), we let value parameter v; = P; and so the momentum aims to minimize:

min (m VL(W;x;)", P), (46)
m
or equivalently, minimizes (m, P;V L (W;; x;)). Using gradient descent results in the update rule of:

Wit1 = Wi + myyg
mgy = omy; — 7, PVL (Wi x;) . (47)

This formulation is equivalent to preconditioning the momentum GD. Notice that preconditioning means that the momen-
tum term is an associative memory that learns how to compress the mappings between P; and the gradient term V.L(W;; x;).
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While any reasonable choice (e.g., random features) of preconditioning can improve the expressivity of the initial version of
GD with momentum per se is a value-less memory (i.e., mapping all gradients to a single value), the above perspective gives
more intuition about what/why preconditioning can be useful. That is, the momentum acts as a memory that aims to map
gradients to their corresponding values, and so a function of gradients (e.g., information about Hessian) can provide the
memory with a more meaningful mappings. Note that our discussion on preconditioning in Equation 39 is different from
here and indicates that one can learn the preconditioner as a proper mapping, while the above formulation shows when
using preconditioning, momentum term (as a memory for gradients) aims to map them to their mapping function.

Extension: More Expressive Objectives. Revisiting the formulation of momentum: for a given gradients V.L (W;; x;),
the momentum mapping is based on dot-product similarity as the internal objective (see Equation 47) and so its update
rule is a Hebbian-rule (Hebb 2005). This update rule, however, not only has a limited capacity (Storkey 1997), but it also
makes the update rule of momentum independent of its current state, limiting its ability to track/compress the the loss
landscape information. A natural extension is to replace the internal objective with L;-regression loss (for measuring the
corresponding key-value mapping fitness) and minimize the loss function ||mV.L(W;; x;)T — P;||%, resulting in the update
rule of:

Wit1 = Wi + mjyq, (48)
m; (i1 — VL (Wi x;:) T VL (Wis x3)) — e PV L (Wi x;), (49)

m;+q

This update is based on delta-rule (Prados et al. 1989) and so it allows the memory (momentum) to better manage its limited
capacity (i.e., O(N)) and better memorize the series of past gradients. For example, we may learn to forget some of the
past gradients during the optimization process (similar to what happens when we move from linear attention to delta rule
in associate memory). We refer to this variant of momentum term as Delta Momentum.

Extension: More Expressive Memory. Viewing momentum as a compressor or a memory that store past gradients into
its elements (parameters), its capacity not only depends on its update rule (similar to the above), but it also requires more
expressive structure that allows for larger capacity. The current formulation is based on a linear layer (i.e., matrix-valued)
to compress the past gradient values, but this linear nature may limit the capability to only learn linear mappings of past
gradients. To increase the learning capacity of this module, one can use more complex mappings such as replacing a linear
matrix-valued memory for momentum with an MLP. This design allows momentum to memorize more gradients and so
provides better information for the optimization process. We extend the formulation in Equation 33 as:

Wis1 = Wi + mypq (1), and myy = gem; — 7, VL (mg;u, 1), (50)

where u; = V.L (W;;x;) and V.L?)(.) is the internal objective of momentum (e.g., dot product similarity (m(u/),1)).
We refer to this variant as Deep Momentum Gradient Descent (DMGD). While it is clear from this example, it is worth
emphasizing that the internal loss function and the model need to be designed carefully to obtain an effective momentum
module.

Extension: Memory with Higher-order Feature Maps. One of the commonly used techniques to enhance the capacity
of a memory is to use higher-order feature maps on the keys (Katharopoulos et al. 2020; Kacham et al. 2024). Using this
technique on the momentum term, one can obtain:

Wit =Wi+miy and  miyg = @am; — 0P (VL (W xi)), (51)
where ¢(-) is a higher-order feature mapping (that may be learned through its internal objective).

Extension: Nonlinear Outputs. Building upon the associative memory perspective of the momentum, one common
technique to enhance the representation power of memory module is to use non-linearity on top of its output (Sun et al.
2024; Behrouz et al. 2025¢). That is, we re-formulate Equation 50 as:

Wis1 = Wi + 0 (4 (), and  myy = aipqm; — 7, VL (my;u,0), (52)

where o(+) is an arbitrary non-linearity. As an example, we let o(-) = NewtonSchulz(-), where Newton-Schulz(-) is the
iterative Newton-Schulz method (Higham 2008), and m(-) be a linear layer; resulting in Muon (Jordan et al. 2024).
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A Toy Example for Long Context in Optimizer. In Section 4.3, we discussed
that in complex setups, including continual learning with orthogonal tasks,
we may need more complex momentum terms, either with higher capacity or
better memory management. To better illustrate the potential gains of other
momentum memory designs, we use a toy example of a time-varying curvature.
Since the standard momentum acts as a low-pass filter, if the landscape changes
at a high frequency, then standard momentum which aims to use the weighted
average of past gradients, will be under the influence of irrelevant gradient e e ——
Delta Momentum

terms, delaying the convergence. As an illustrative example, consider: start

Global Min

_ 2 . 2
$(r.0) =r" +kx(r-0+asin(or))”, (53) Figure 4: Optimization of function

(r,0) with standard momentum and

and aims to optimize it using a standard momentum and our delta momentum.
our delta momentum.

We start the optimization process from point (ry, 6y) = (3.5, 2) and continue
until one of the algorithms converge to the optimal solution. The result is visualized in Figure 4. The delta momentum
finds the solution faster, mainly due to its gradient-dependent weight decay that helps the momentum term to decay or
stop when it is needed.

4.5 Going Beyond Simple Gradient Descent and Momentum

Coming back to the discussion in Section 3.1 about the pre-training process and backpropagation being a form of associative
memory, in this section, we aim to take advantage of NL’s viewpoint and present a more general form for gradient descent.
As observed in Section 4.1, backpropagation with gradient descent is an associative memory that aims to map the input
data to the surprised caused by its predicted output V,, L(W;; x;):

W1 = We = i Vw LWy 1) = Wy = 00 Vy LWis x1) © x4, where x; ~ Dyain, (54)

which from the associative memory perspective and proximal gradient viewpoint is equivalent to:
. 1
Wiy = argmvén Wx, Vy, L(Wisx;)) + a W — Wt”% (55)
t

This step aims at learning the negative of the gradient direction. The main drawback of the dot-product similarity as
the inner objective is that its corresponding update rule and so learning algorithm treats each data sample (gradients)
independent of the state, meaning that the state of the weights and so previous gradients do not affect the update term to
the current state. While this design can be effective for nested problems with independent elements in their context (e.g.,
ii.d. samples for training), it can be restrictive for context with highly dependent elements (e.g., tokens in a sequence).
Defining u; = -V, L(W}; x;), one can extend this process to more expressive objectives such as £, regression loss:

+1 = i —1 lWax, — ||2 —1 Il —W||2 (56)
5% arg min x; —uls + W . 6
t+1 g g t tlz T 5 ; tllz

For the cases that x; is normalized (e.g. in normalized memory systems or in neural networks with normalization layers,

||x¢]l2 = A), and by defining n; = IZ;,’ we can use Sherman-Morrison lemma to get (see Appendix C for the details):

Wier = Wi (T=nix:x] ) = 0, Vw, L(Wi; x1)
=W, (I - U;xtx;r) - U;Vyt—E(Wt;xt) ® X1, where x; ~ Dyain. (57)

This new algorithm, which based on Delta rule (Prados et al. 1989) we refer to as Delta Gradient Descent (DGD), updates
the weights not only with respect to the current elements, but it also incorporates the previous state of weights, resulting
in an adaptive decay term based on the current data sample. Next, we discuss a generalized viewpoint about the process
of backpropagation with gradient descent, which later will help us to formulate Generalized Gradient Descent family of
learning rules:
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Training a Deep Neural Network with Backpropagation is a Self-Referential Process:

As discussed earlier in Section 4.1, one common misinterpretation for gradient descent is to view it as a form of linear
recurrence (e.g., linear attention). In a conventional linear recurrence, however, keys and values are independent of the
state of the memory, and so allows for parallelization of the formulation. The values in “gradient descent as associative
memory” viewpoint are a function of the state of the memory, and so it is a self-referential model (Schmidhuber 1993)
that controls its own learning process by generating its own values. More formally, one can reformulate the process as:

Vvt+1 = I/V} + ’7t+lvt ® Xt, (58)
s :th (xt) = _Vyt-E("Vt;xt),

which means that at each step v, is generated by memory W; and x; as its input.

Based on the above interpretation, one can define backpropagation with gradient descent in a general form as any self-
referential model that aims to compress training samples as keys and map them to self-generated values to better control
its own learning process. Based on this definition, our above formulation of Appendix C, is only a simple instance that
uses L, regression loss; in general, however, one can define Generalized Gradient Descent (GGD) as:

Definition 5 (Generalized Gradient Descent (GGD) Learning Rule). Generalized Gradient Descent (GGD) learning rule is a
self-referential associative memory that aims to compress data samples and map them to a set of self-generated keys:

Wy = argmv‘i/n L (x1,u;) +Ret (W, {W;}! ), (59)

i=t—c+1
where u;, is a self-generated value:
u; = fw, (x1), (60)

for some function f, (-) parameterized by W;. Here, L () measures the quality of the mapping, and Ret(-) ensures that the
solution for the new instance is not far away from the current state.

Similarly, this formulation can be adapted for the momentum term, resulting in Generalized Momentum (GM). However,
it is notable that the momentum itself, is a conventional associative memory and its keys and values are given, or more
specifically are generated by a lower-frequency level. In Section 4.2, we explored a special case of this formulation, where
L(-) is L, regression loss.

A Note on Optimizers in Continual Learning Setup. As discussed above, optimizers themselves are learning modules
or associative memories that aim to compress the gradients into their parameters. These parameters are not necessarily
trainable in the conventional terminology but indeed momentum-based optimizers store the knowledge about the loss
landscape, helping them to better update the weights. When the “end of pretraining” happens for a neural learning module,
the knowledge stored about the distribution of gradients/data, which are stored in the momentum term(s) is removed from
the model and so continuing the training without recovering the momentum states can affect the model’s ability to learn
new capabilities. When the model is in continual learning setup, the knowledge about data is stored in the conventional
parameters (optimized with backpropagation), but the knowledge about how the model optimizes itself and about the
objective space are optimized in the lower-frequency levels of optimization (e.g., momentum terms).

5 Existing Architectures as Neural Learning Modules

Modern sequence models such as Transformers (Vaswani et al. 2017) and recurrent models (Katharopoulos et al. 2020;
Schlag et al. 2021; Sun et al. 2024; Behrouz et al. 2025¢) are the backbones of recent advances in language models. Recently,
the equivalency of such models with associative memories that aim to learn a mapping from keys to values from data have
been studied in different settings and objectives (Liu et al. 2024b; Sun et al. 2024; Behrouz et al. 2025b; Wang et al. 2025).
Particularly, we focus on the general framework of Miras (Behrouz et al. 2025b), which defines associative memory as
Definition 1 and optimizes the internal objective (called “attentional bias”) with a choice of optimization algorithm on
an arbitrary class of functions (i.e., memory architecture). While this formulation alone indicates that the well-known
architectures are instances of nested systems of associative memory (NSAM), next, we review this equivalency for some
learning rules and architectures.
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From now on, we assume that keys {k,-}iLzl, values {vi}le, and queries {q,-}l.L:1 are given: they often are defined as the

projections of the input, i.e.,
kt = xth, U = xtWU, qt = xth. (61)

In this design, since projection parameters (i.e., Wi, W, and W, ) are optimized in a lower frequency level, the sequence
model component (e.g., self-attention) has a higher frequency and so the learning process of the associative memory
happens in a lower level. Accordingly, for the sake of clarity, we only discuss the higher frequency level (i.e., the internal
learning process of the associative memory).

Softmax Attention. From the associative memory viewpoint: given keys {k;}-_, values {v;}%, and queries {q;},,

Softmax attention block (Bahdanau 2014; Vaswani et al. 2017) can be reformulated as a non-parametric solution to the
£,(+) regression objective with Nadaraya-Watson estimators (Fan 2018; Zhang et al. 2022):

L L
. s(ki,q)
M* = arg min E s(ki, @) |loi = M||5 = E e (62)
M im1 2 i=1 Z]L':1 S(kj’q)

where L is the sequence length (Sun et al. 2024). This formulation optimizes the memory M(-) with respect to the entire
context; however, one design choice can be to limit the optimization process to the past ¢ tokens, resulting in:

t t
. ' s(ki,q)
M =argmin Y stkigdllo - MIE= D) = (63)

_— 0
i=t—c+1 i=t—c+1 &Hj=t—c+1 s(kj. q)

which is equivalent to the sliding window attention (SWA). Therefore, attention and its more expressive variants (Wang
et al. 2025) also are instances of Definition 1, when instead of gradient descent or other parametric methods, we find the
optimal non-parametric solution to the mapping.

RNNs with Hebbian Rule. The first generation of modern recurrent architectures (e.g., Linear attention (Katharopoulos
et al. 2020), RetNet (Sun et al. 2023), RWKV (Peng et al. 2023), lightening attention (Li et al. 2025)) are based on Hebbian-like
learning rules (Hebb 2005). For this class of models, the inner objective to measure the quality of mapping between keys
and values is the dot-product similarity. That is, given a matrix-valued memory M € R¥*", keys and values k,v € R?,
objective L(M;k;,v) = —2(Mk,,v,), and a kernel ¢(+), we optimize the equivalent associative memory optimization
problem (see Definition 1) with gradient descent and weight decay, resulting in:

Mt = atMt—l -n VM[71.£~ (Mt—l; ¢(k[),0t) = atMt—l + Nt U[¢ (k:) , (64)

o (k[)

which recovers the original linear attention recurrence (Katharopoulos et al. 2020). Given different settings for o (i.e.,
either is 1, learnable, channel-wise, and/or input-dependent) and also ¢(-) (i.e., identity, polynomial kernels, etc.), the
above recurrence recovers different variants of linear attention with Hebbian rule (Katharopoulos et al. 2020; Sun et al.
2023; Arora et al. 2024; Beck et al. 2024; Kacham et al. 2024; Peng et al. 2024). Therefore, the variants of linear attention
with Hebbian rule can be reformulated as the process of an optimization problem, in which the memory aims to learn the
mapping between keys and values based on dot-product similarity objective, with gradient descent.

RNNs with Delta Rule. To improve the memory management and to enhance the memory capacity of the above group,
several studies suggest replacing Hebbian rule with Delta rule as the learning algorithm in recurrent neural networks (Schlag
et al. 2021), resulting in models such as DeltaNet (Schlag et al. 2021), Longhorn (Liu et al. 2024b), and RWKV7 (Peng
et al. 2025b). When letting M € R?*", delta rule is equivalent to optimizing MSE objective L = IMk, - ;|12 with
Rety (M, M;—1) = ||My = M4 ||?: as local retention, and stochastic gradient descent as the optimizer:

Me=Mii=10:Im,, L M3 ¢ (k) op) = (I - Utktk:) M1+ 1 Utk;r~ (65)

(A’tt—lkt—ut)k;r

Using other forms of retention gates (e.g., Ret; (M, M;_1) = [|M; — a; M;_1||%), optimization algorithms with weight
decay (e.g., regularizing with ||Mt||g for a given ¢q > 0), multiple steps of gradient descent, and/or different formulations of
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learnable parameters such as 1; and a; can result in diverse variants of delta rule (Irie et al. 2021; Liu et al. 2024b; Sun et al.
2024; Behrouz et al. 2025b; Hu et al. 2025; Peng et al. 2025b; Siems et al. 2025; Wang et al. 2025). Therefore, Delta rule and
its variants are all instances of an optimization problem, in which the model aims to learn a mapping between keys and
values based on the L,-regression objective.

Beyond Conventional Learning Rules: Omega, Oja’s, and Non-Euclidean Learning Rules. More recently, there
have been growing interests in designing architectures from the associative memory perspective (see Definition 1) and
use more complex internal objectives, and/or optimization algorithms, resulting in learning algorithms beyond Delta
and Hebbian rules (Irie et al. 2022a; Von Oswald et al. 2023; Behrouz et al. 2025a,b; Zhang et al. 2025). More specifically,
to enhance the stability of Hebbian rule (discussed in Equation 64), Irie et al. (2022a) introduced OjaNet based on Oja’s
rule (Oja 1982) with the following recurrence:

Mt = atMt—l + r]t Ut (¢(k[)T - M;r_lvt) . (66)

In the associative memory formulation (as in Definition 1), this recurrence can simply be reformulated as one step of
gradient descent as:

Me =Mt =1 Vo, LMz ¢ (ki) 00), (67)

M o= (k)T

where £(M; ks, v;) = —2(Mk;, 0.} + |IMT ;|13 and §(-) is a kernel (Irie et al. 2022a, 2025). Although this design enhances
the Hebbian learning rule by enforcing a unit-norm constraint for the single-neuron, it has been reported to empirically
underperform models based on Delta learning rule (Irie et al. 2022a). To further enhance the Delta rule through the design
of more expressive objectives, recently, Behrouz et al. (2025b) suggested going beyond Euclidean spaces and use L, = || - ||§
norm for the internal regression objective, showing better empirical performance and robustness in long context tasks
compared to Delta rule and its variants.

While the majority of learning rules are online update mechanisms—meaning that at each state, the models only need to
keep the memory and the current (batch of) input—-Omega rule (Behrouz et al. 2025a) suggest an update rule based on a
set of past (batches of) inputs (or all inputs). More specifically, given a memory M with an arbitrary structure, keys and
values k,v € R?, an arbitrary objective .Z(M; k;,v;), and a kernel ¢(-), Omega rule is defined as:

t
M= Mioi= D i LM gk v), (68)

i=t—c+1

where ¢ > 1 is the local window of cached inputs. Note that in the special case of y;; = 1 and ¢ equal to the entire context
length, the optimal solution of the above design collapses into an online case, where the update rule only depends on the
current state and the current input (Von Oswald et al. 2023). For further discussion with more details about representing
architectures as associative memories and so an optimization problem, we refer the reader to Behrouz et al. (2025b).

A Note on Gating in Modern Sequence Models. One of the recent architectural changes in modern language models is
the gating of a linear layer’s output with the output of the sequence model. Despite significant improvement resulted by
this method, it is still unclear that how it enhances the performance. As we discussed in Figure 3 and its corresponding
example, the main difference between feedforward network and modern recurrent memory modules (e.g., linear atten-
tion (Katharopoulos et al. 2020) or deep memory modules (Behrouz et al. 2025c)) when their initial state of the memory is
meta-learned, is the second level in memory modules that perform in-context learning and adapt its state with the context.
From this viewpoint, when the initial value of the memory is not meta-learned, it only relies on the in-context adaption of
the memory and so there is no persistent memory system that stores the knowledge of pre-training in this block. Therefore,
when the initial value of memory is not meta-learned, which is common in earlier variants of linear transformers, the
gating of linear attention acts as a persistent memory and the initialization of the memory module.

5.1 Revisiting the Human Brain Perspective of Nested Learning

In Section 1.1, we discussed how structure in human brain is uniform and reusable, and if we need a new architecture in
deep learning, or if our beliefs about the heterogeneity of current models need to be revisited. In the previous sections,
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we observed that both optimization process of neural networks as well as neural architectures can be formulated as a set
of nested and/or parallel optimization problems, in which the memory structure is a feedforward layer (e.g., either Deep
MLPs, linear layers, etc.) and the objective is optimized with gradient descent or Newton’s methods.

From this perspective, modern architectures, are a set of artificial neurons (i.e., linear or deep feedforward networks), and
each group of neurons has their own internal objective and so update mechanism. To this end, as a simple example, let us
recall the AdaTransformer in Figure 3: Given X = {x;}__, as the input sequence, the output of the block is computed as
(For the sake of simplicity, we assume MLP(-) = - Wiy p , and remove normalizations):

ki = x, Wy, v = x; Wy, q: =x Wy,

Yattn, = Attn (ke,01,q1),

Yvlock, = Yattn, WLinAttn‘,, where

Wlinattn, = Wlinattn,_, + i/, (69)

The lowest frequency level is responsible for the optimization of Wy, W,, and Wy, all of which are feedforward networks
and so are uniform. The attention itself is also the non-parametric matrix-valued solution of a regression objective, again
verifying that the structure is a matrix of artificial neurons (i.e., parameters). Finally, the Linear Attention++ component is
equivalent to the optimizing the dot-product similarity of the mappings over the linear class of functions. Therefore, all
the parameters are matrix-valued or deep feedforward layers, meaning that the only difference in the components of an
architecture is their level, objective, and/or learning update rule.

Modern Deep Learning Models Have Uniform and Reusable Structure

Neural learning modules consist of a set of feedforward networks, each of which are optimized in different levels
and time scales. The heterogeneity we observe in deep learning architectures, however, is due to the lack of view
to this new NL'’s axis, resulting in observing only the solution of optimization problems and so causing the illusion
of deep learning architectures.

6 Takeaways and Revisiting Common Terms

In the previous sections, we discussed the concept of nested learning and how existing well-known components of neural
networks such as popular optimizers and architectures fall under the NL paradigm. In this section, we discuss the takeaways,
connection of different concepts, and the implications of NL perspective on common terms.

Memory and Learning. For a long period of time, in machine learning models, memory have been treated as a separate
block with a clear distinction between its parameters and other components. Such designs often assume a short and/or
long-term memory blocks, where short-term memory is responsible for the local context, while long-term memory is
the storage for the persistent knowledge in models. In human brain, however, memory is considered as a distributed
interconnected system without a clear known components that are independently responsible for short or long-term
memory. In NL, we build upon a common terminology for memory and learning in neuropsychology literature, indicating
that: Memory is a neural update caused by an input and so learning is the process of acquiring useful memory (Okano
et al. 2000). From this viewpoint, any update by gradient descent (or any other optimization algorithms) in any levels of
neural learning module is considered as a form of memory. Interestingly, our findings in Section 4.1 on gradient descent
being (self-referential) associative memory is aligned with this terminology. Furthermore, based on this terminology,
in continuum memory system, the neural updates are applied at different frequencies and so memories are stored with
different time scales, resulting in more robust memory management with respect to catastrophic forgetting.

Memory and Learning from Nested Learning Perspective:

Memory is not an isolated system and is distributed throughout the parameters. Particularly, any update that is
caused by the input is a stored memory in the neural network, and the process of effectively store, encode, and in
general acquire such memories is referred to as learning process.
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A General Note on Parameters of a Model. The parameters of a model are one of its critical components that shape
the units for knowledge storage, internal computations, and adaptability. Over the past decades, only (a subset of) the
parameters in the architecture of machine learning models have been referred to as the learnable entities, mainly due to the
fact that they are the only components that we have been directly and intentionally optimizing over the training data. From
the NL viewpoint, such parameters are placed in the lowest frequency level (the highest level) and are updated for every
(batch of) samples. They are, however, are not the only parameters that contributes to the model internal computation,
knowledge storage, and adaptability. As discussed earlier in Section 4.2, momentum is an example of such cases, where its
parameters are updated over time (by gradient descent) and stores the knowledge about the loss landscape of the model so
far. Such information are critical when the model is continually learn, mainly due to the fact that to find an effective solution,
the optimizer needs to have more information about the global properties of the loss landscape. Another example of such
cases is the memory (or hidden state) of recurrent neural networks. Although those parameters are not directly optimized in
the lowest frequency level, they store important knowledge about the current context. With the change of the context, the
compressed knowledge in these parameters are removed due to the lack of knowledge transfer between these levels.

Models Have More Parameters Than We Knew:

The parameters of a neural learning module are not limited to those optimized in the pre-training level; all parameters
that appear in the NL representation of the model contribute to its performance and expressivity.

More Computations per Neuron. One common misinterpretation about the concept of NL is to restrict the model
design and stacking multiple levels to CMS case. In general, stacking levels can help the model to enhance the depth
of computations and also perform more internal computations per each parameter in the lowest frequency level. One
example of such designs is Muon optimizer and NewtonSchulz(-) operation (see Equation 42 - 44), which we showed that
is equivalent to an internal optimization process. In this design, per each step of momentum update, we need k-steps of
internal process to learn how to map gradients to an orthogonal space.

In-Context Learning. Throughout this paper, we use the most general definition of “in-context learning” and refer to it as
the ability of a model to adapt to and learn from a given context. Following the definition of NSAM, each block or level has
its own context flow and so any neural update or adaptation to that context is considered as a form of in-context learning.
Due to the popularity of Transformers as well as being the first model that in-context learning is studied for, the concept of
in-context learning sometimes is referred to as conditioning the output on the entire context. Considering the general
term of in-context learning, this formulation is only one of the instances of in-context learning, which we referred to as
non-parametric in-context learning. In general, however, the memory in recurrent models is performing in-context learning,
in which the output is conditioned on the compressed context. Therefore, from NL perspective, all the levels are performing
in-context learning but on their own context flow with their own learning update and optimization process.

Building on this definition, in-context learning is a model’s capability that is transparent from its NL representation, and
per se it is not an emergent characteristic but a direct consequence of having multiple levels in the NL representation of
the neural learning module. Although this might seem contradictory with previous claims about ICL being an emergent
characteristic (Brown et al. 2020; Singh et al. 2023), it is notable that the good performance of the model in ICL tasks also
requires a powerful low-frequency level, enabling the high frequency level to adapt fast. When the model is not well-trained,
the higher-frequency level is on its own to learn from the context. This setup might result in a poor performance, mainly
due to the fact that there might be not enough data in context to allow the high-frequency parameters to converge.

(Test-Time) Learning/Memorization. Recently, the concept of test time training (Sun et al. 2024; Wang et al. 2025) or
test time memorization (Behrouz et al. 2025b) has gained popularity as a backbone framework to design powerful sequence
models. In these frameworks, given the context, a new component/block aims to compress the context into its parameters
using a learning rule and objective function. In this formulation when the context is removed the acquired in-context
knowledge diminishes along with it. As also discussed in the previous part, this update mechanism and learning process is
indeed an instance of “parametric in-context learning”:

Test Time Training/Memorization are Instances of In-Context Learning

The concepts commonly referred to as test-time training and test-time memorization are in fact instances of parametric
in-context learning, where the acquired in-context knowledge does not persist once the current context is removed.
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Pre-training and Test Time. From the nested learning perspective, the lowest frequency level (i.e., the highest level)
corresponds to a learning phase that is often referred to as pre-training. Accordingly, pre-training is one of the levels and
so has its own context flow (i.e., pre-training dataset), objective (e.g., next token prediction), and optimization process (e.g.,
AdamW). Accordingly, one can interpret the pre-training as one of the possible instances of in-context learning, where the
context is the entire pre-training data.

Pre-training is In-Context Learning with Ultra-Large Context Length:

From NL’s viewpoint pre-training is only one of the possible instances of in-context learning, where the context is the
entire pre-training data. The distinction of training and test time in models is the results of disconnecting the knowledge
transfer process from the highest frequency level (e.g., the context of Transformers) to the low frequency levels (i.e.,
pre-training).

This formulation and viewpoint is specifically important when we shift from pre-training paradigm to models that are
capable of continually interact and learn from data/world (e.g., Sutton (2025)):

Continual Learning. From NL'’s perspective each phase of training for a model is defined as one of the low-frequency
levels, which by design, we might want to stop the data processing in one level (e.g., “End of Pre-training”), or continue it
without any knowledge transfer to other levels (e.g., conventional formulation of in-context learning in Transformers).
Accordingly, any machine learning model, no matter if it is during its pre-training or at test time, is performing continual
learning as given a data sample, it requires performing internal computations to provide the output. However, the
knowledge from that learning might not last or transfer to more persistent levels, mainly due to the lack of knowledge
transfer between levels.

No Training or Test Time in Neural Learning Modules:

For a neural learning module, there is no boarder and clear distinction between training and test time. The model only
experiences two different states: when it receives information as input, or when it is an isolated learning system.

We also revisit some of the common terms in the architectural design in the following:

Existing Architectural Backbones and Hybrid Models. As discussed earlier in Section 5.1, from the NL’s perspective
all modern architectures are uniform and in fact are feedforward layers (linear or non-linear MLP blocks) that are trained
based on their own context flow and optimization problem. When viewing models from deep learning perspective, we see
the final solution of such optimization problem (i.e., we see attention rather than a non-parametric solution to a regression
loss), which results in the illusion of having distinct and non-uniform architectures.

Recurrent Models are Replacing MLP Blocks:

From NL’s viewpoint, (deep or linear memory) recurrent models are MLP blocks that a new level is added to their
internal computation. Accordingly, existing hybrid architectures can be seen as conventional Transformer models,
when we added a new level of computation to some of the MLP blocks.

Another important aspect of understanding the existing architectures during their so-called “pre-training” phase is to
understand how they transfer their knowledge from one level to another.

Knowledge Transfer from In-Context Learning

Although both modern deep and linear recurrent models are unified using associative memory perspective, there is
still an important difference between the existing instances: While deep memory modules such as Titans, Atlas, Miras,
and TTT take advantage of knowledge transfer from their high-frequency level to their lower-frequency level through
meta-learning the initial state of memory, most linear memory recurrent models have no knowledge transfer process
between their levels.

Neural Learning Module as an Inter-Connected System. One of the critical messages in NL is the fact that neural
learning modules are inter-connected systems, meaning that the design of each component can significantly affect the
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design of other parts. This fact motivates follow up and future studies to better understand how one can properly design
a neural learning module with all components work together in a harmony. As an example of such, the context of
optimizers (i.e., gradients) is generated by the architecture component. Therefore, different architectures might show
different characteristics in the generated gradient patterns and so one optimizer might not be the best option for all the
architectures (Zhang et al. 2024b).

Architectures Generates the Context for Optimizers

Neural learning modules are inter-connected systems, where architecture generates the context for optimizers (i.e.,
gradients). Therefore, the proper memory management of gradients (i.e., optimization algorithm) relies on the choice of
architectures. In future, when viewing models as a neural learning modules, we need to design architecture specific
optimizers so this inter-connected system works perfectly in harmony.

Optimizers vs. Learned Optimizers. Finally, we want to emphasize that our formulation of momentum, gradient descent,
and/or other gradient-based optimizers show that they are associative memory modules aiming to compress the data
and gradients into their parameters. Such update and compression process is based on gradient descent and so has a
very similar nature to the learning process of learned optimizers. From the NL’s viewpoint, both vanilla optimizers as
well as learned optimizers are instances of the same concept but with different frequency and context flow: Although the
parameters of learned optimizers are located in the lowest frequency level (i.e., to train and be optimized along with other
parameters in the pre-training), the parameters of vanilla optimizers are located in their own level and so has their own
gradient flow.

7 Continuum Multi-Timescale Memory System

Existing architectural backbones consist of (1) a working memory module (e.g., attention), which is responsible to actively
fuse the information across sequence length, and (2) a feed-forward layer (e.g., MLP) that fuse information across features
and acts as the persistent memory or knowledge storage of pre-training phase. From the NL perspective, pre-training is
the phase that the most outer level of the learning module is updated over its limited context flow. Accordingly, in the
continual setup, such pre-training phase is also rarely updated over time, and so its corresponding knowledge storage
needs to rarely be updated over time. Given this intuition, we extend the traditional view-point of long-term/short-term
memory system and suggest a knowledge storage feed-forward for each level (frequency domain).

7.1 Continuum Memory System (CMS)

Given the definition of frequency (Definition 2), Continuum Memory System (CMS) is formalized as a chain of MLP
blocks MLPU1) (4), ..., MLPUk) (1), each of which associated with a chunk size of C(*) := max}_(cm such that given input
x = {xy,...,x7} the output of the chain is calculated as (we disregard normalizations for the sake of clarity):

ye = MLPUR (MLPUA-) (- MLPUY (xy))), (70)

where the parameters of £-th MLP block, i.e., 00 are updated every C ) steps:

; 71
i+l 0 otherwise. (71)

: O o). Ly if =

o) _ glfe) _ {Z;:I-_cm n £(67:x,) if i=0 (modC®),
l
Here ryt([) are learning rates corresponds to /), and f (-) is the error component of an arbitrary optimizer (e.g., V.E(Gt(f” ), x;)
in gradient descent). The conventional Transformer block (Vaswani et al. 2017) is a special instance of this formulation,
where k = 1. It is notable that Equation 71 provides an important interpretation: parameters Gt(f" ) are responsible for
compressing their own context into the their parameters and so they are a representative of abstract knowledge of their
context.

As discussed in Section 3.3, different levels might have different process of knowledge transfer. Accordingly, while the
above formulation suggests a spectrum of memory systems in different levels and so with different frequencies, their
connections can vary based on the design. In the following, we discuss some potential variants:
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Nested Continuum Memory Systems. The first variant is a fully nested continuum memory system, in which the initial
state of the MLP block in level s + 1 is meta-learned in level s. This design allows for higher-order in-context learning
ability, where each of the levels has its own context flow and re-initialized after the end of the context. More specifically,
given an arbitrary 1 <s < k,

2(0,7;9)|, (72)

Oéfs“) = arg;nin Eq oo

where C) is the context length of the MLP block in s-th level. Following this design, at the end of the optimization process

of each block (i.e., after [C®) /C(*1)] steps.) the value of the memory will be re-initialized to Héfs“). Note that the update
mechanism of each block in its own level remain unchanged (i.e., Equation 71).

Sequential Continuum Memory Systems. In the second variant, the MLP blocks are located sequentially (i.e., the
output of the MLP block in level s is the input for the MLP block in level s + 1) and also the initial state of MLP blocks are
all connected through backpropagation in the lowest frequency level. Given an arbitrary 1 <s <k,

B(SfS) =argmin By o0 [£(0,7T;9)|, (73)
@

where CV is the context length of the MLP block in the lowest frequency level. Since the initial state of all memories are
meta-learned in the lowest frequency, the most persistent knowledge of all components is the compression of the same
context flow.

Independent (Head-wise) Continuum Memory Systems. In this variant, we keep the knowledge transfer process
in Equation 73, but change the output computation in Equation 70. While the previous formulation designs the memory
system as a sequence of blocks, and so making their input/out dependent to each other, this variant uses independent
blocks with different context length and then combine them using an aggregation process:

y, = Agg (MLP<fk> (), MLPSe-1) (), .. MLPUD) (xt)) ) (74)

The above Agg (-) is an arbitrary function that aggregates all the inputs to compute the output. For example, one
straightforward and simple design choice is to use a learnable weighted sum of the input.

CMS Design Helps with Continual Learning. Based on the design of CMS, a fair question is to ask: Why and how
CMS can help with longer context length and generally continual learning. Here, we provide a simple answer to this
question: Viewing MLP blocks in CMS as the storage of model’s knowledge catastrophic forgetting can happen when we
update a block and as its result, the old knowledge stored in its parameters are forgotten. In CMS design, however, when
updating an arbitrary block of MLP($) (-) for some 1 < s < k, the potentially forgotten knowledge from MLP'/s) (-) is still
stored in other components such as MLPUs) (+), where s’ < s. Also, in this case (i.e., the knowledge is already forgotten
from MLPU5) () but it is still in MLP/s) (+) for s < s) the knowledge transfer through backpropagation (for their initial
state) can circle back the knowledge to MLP(/s) (-), resulting in a loop through time dimension, and so hardly forgetting
important knowledge.

Is CMS Efficient Enough? A common concern when updating the parameters of a model in a continual manner is its
efficiency. Therefore, a fair question is to ask if CMS causes significant computational overhead for the model. To answer
this question, let us recall from Section 5 that modern recurrent neural networks are also continually updating a subset of
their parameters (i.e., their memory state). These parameter updates, however, take advantage of sequence parallelization
as well as updating only a small number of parameters. To this end, for CMS, we highlight two points:

« In the CMS design, at each time, updates are restricted to blocks approaching their scheduled update time (based on
their frequency). As a simple example, consider a Transformers but with replacing its MLP blocks with CMS (later in
Section 8, refer to this variant as Hope-Attention). Let the model have Liyye, layers, 4 levels of MLP blocks in CMS

with highest frequency of f , and hidden dimension of d;,. On average, the update cost is for O (Jlr X # X dizn) of

parameters, which consists of only a small number of parameters at each time.
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« The update mechanism of Equation 71, not only helps with the enhancing the persistent memory of the model,
but it also unlocks the sequence parallelization for higher frequency levels. More specifically, for input x; when
i 20 (mod C(Y) there is no sequential process inside the chunk and so all the computations for tokens correspond
to different values of i 2 0 (mod C()) can be done in parallel. The details of such training algorithm is the same as
the training procedure in Sun et al. (2024) and Behrouz et al. (2025c¢).

Therefore, in summary, CMS can be fast in practice, mainly due to the fact that it updates only small number of parameters
at each time, and also its design unlocks sequence parallelization.

7.2 Continuum Memory System In Optimizers Algorithm 1 Multi-scale Momentum Muon (M3)

Input: Initial weights 0y, objective L(-), learning rate

As a proof of concept and to support the effectiveness of CMS
n > 0, Newton-Schulz steps T, momentum factor

in different context flows, in this section we present Multi-scale

Momentum/Memory Muon (M3) optimizer. Particularly, we aim 1> py, fo, s, 0 2 0, € > 0’( lf)requ(ez:?cy fs
to use NL’s associative memory viewpoint to design an optimizer ~ 1: Initialize momentums: M, ", My™' « 0, Vy < 0;
that not only compress the recent gradients effectively, but it ~ 2 for lower-frequency iteration k =0,1,2,... do

kf

also has a capability of incorporating the information about long 3 Slow Memory: Mt(z) =M t(i)l + fs Zi:(k— f 955

past gradients. .In. Ap}.)endnl( B (Equation 101.) we discuss th.at Ot(Z)  Newton-Schulzy (Mt(z));

how Adam optimizer is an instance of associative memory, in

which the gradients are mapped to their variance until that point. > fort=kf+1k f +2,...,(k+1) f do
Following the discussion about the need of long-context capability Compute Gradient: g; = Ve, L(0,);
7.
8

-

of optimizers in Section 4.3, we first replace the simple associative First Momentum: M;" = Mt(i)l + f1gs;
memory formulation of H term in Equation 102 with our CMS Second Momentum: V; = V;_; + fg;7;
(independent variant, Equation 74) with a two-level memory . ot<1> « Newton-Schulzy Mt(l));
system, which we refer to the memories as M(!) and M?):

o'+a0?
10: Ot — (9;_1 -n 4
(1) _ pp(D) VVire
M,” =M,” + Pig:, 11:  end for t
Z::t—é gi if t=0 (mod C) 12:_end for

. (75)
0 otherwise,

M =M - B, {
where C is the chunk size that we update the lower-frequency momentum term. Finally, to aggregate the momentum
terms (the choice of Agg(+) in Equation 74), we use a simple weighted summation with the use of parameter « > 0 as the
coefficient of Mt(z). Following our discussion on the importance of Newton-Schulzr(+) to map the gradients to a proper
metric space (see Section 4.2 and Equation 43), following Muon (Jordan et al. 2024), we use Newton-Schulzy(+) on the
output of the momentum terms, before aggregating them with weighted sum. This helps the associative memory to better
manage its capacity by updating its parameters in a proper direction. The pseudocode for M3 is in Figure 1. In summary,
one can say that M3 is the combination of Adam (Kingma et al. 2014a), Muon (Jordan et al. 2024), and our Continuum
Memory System.

Notably, this optimizer is designed as a proof-of-concept to support the design of CMS. The M3 optimizer per se, however,
might suffer from computational overhead and so face challenges when scaling to larger networks (see Figure 12).

7.3 Ad-hoc Level Stacking: Initializing CMS with Pre-Trained Models

In our discussion on Figure 3, we observed that the initial state of the memory modules are optimized in lower-frequency
levels and so one can interpret them as MLP blocks in the vanilla Transformer architectures (Vaswani et al. 2017). Therefore,
a natural question is if we can leverage pre-trained models to initialize CMS blocks. One of the important advantages
of NL is its flexibility to view and modify parameters in different levels. That is, since each level has its own context
flow and optimization process, one can simply initialize the parameters in each level independently so that it helps the
model to adapt faster to the levels’ context flow. To this end, in this section, we suggest initializing the parameters in a
level with a model’s pre-trained weights. More formally, given a CMS with {MLP(?)(.) }le, and a set of pre-trained MLP
blocks {MLPpre-trained, ()}{‘:1 we use Equation 71 to update {MLP (&) ()}i‘:1 in different levels; we, however, use the trained

parameters of {MLPpye-trained, ()}i‘:1 as the initial state of CMS blocks: MLPéﬁ ) () =MLPpre-trained, (*)-

Why This Initialization Should Work? In NL, when there is a knowledge transfer process between two levels, the
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Figure 5: A comparison of Hope architectural backbone with Transformers (Normalization and potential data-dependent
components are removed for the sake of clarity).
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higher frequency level can take advantage of the knowledge stored in the lower frequency level and so adapt faster to its
own context flow. The internal learning rate in the higher-frequency level, however, can control the capacity of the model
for adaptability. That is, consider the above case, where all the blocks are initialized with pre-trained MLP blocks, setting
’h([) — 0 keeps the updated memory blocks close to their initial states, resulting in directly using of pre-trained blocks,
without adaption. Later in Section 9, we use this method to adapt pre-trained Transformer architectures to the HopE’s

setup.

8 HoprE: A Self-Referential Learning Module with Continuum Memory

As we discussed earlier in Section 5.1, architectures in nested learning are uniform, i.e., a set of feedforward neural network
blocks, each of which with its own context, update frequency, and internal objective. Sequence models—a common term to
refer to blocks often with the highest update frequency that fuse information across tokens in the input sequence—are
critical components for memory management and in-context learning ability of models. Following our earlier discussion in
Section 5, modern sequence models can be seen as associative memories and so are nested optimization problems. From this
perspective, global softmax attention or its more expressive higher-order variants are perfect memories (forcing to cache
all past tokens) with frequency update of infinity as they are non-parametric solutions for optimizing (local) L,-regression
objective with Nadaraya-Watson estimators (Fan 2018; Zhang et al. 2022) (see Equation 62). Therefore, parametric solutions
(e.g., modern RNNis) for the similar objectives and when the parameter search space are the same (i.e., matrix-valued
memory) are not expected to outperform softmax attention when the model size and data scales. To this end, and to
design powerful sequence models, we need to understand where Transformers are limited and how one can overcome such
limitations.

From the nested learning perspective, Transformers are two-level components, where projections and MLP blocks are
optimized in the first level and the second level is responsible for in-context learning with finding the non-parametric
solution and so conditioning the output on the context. This design, however, has limited computational depth as also
stated in recent studies on state-tracking and similar computational capabilities of models (Merrill et al. 2024; Sanford
et al. 2024; Grazzi et al. 2025). Furthermore, Transformers’ parameters are static throughout their context, meaning that
their found solution to map tokens in the context (since it is non-parametric solution) remains the same and so they lack
the ability to modify themselves (at least in-context). More specifically, the initial linear blocks, Wy, W,,, and Wy, that
projects input data to keys, values, and queries, are fixed after the pre-training stage (i.e., are in the first level) and so the
Transformer’s ability to contextualize and map tokens is bounded by the knowledge stored in these blocks. For example,
given a 1-layer Transformer, the projection of each token is a function of the token itself and its position; therefore, as an
example, it can miss the diverse possible encodings of words whose meaning depend on the context, rather than the word
itself. Although with increasing the depth of the model this issue might fade in later layers, we should not rely on the depth
to compensate the models ability as it still is a bottleneck to unleash the capability of the model in earlier layers.
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To overcome the above challenge, recently, the use of short convolutions and canon layers (Allen-Zhu 2025) have became a
de facto component in modern models. Despite their success in mixing local tokens, still the models are fundamentally
limited to adapt to the context and capture the global information beyond the local mixing. In the next part, we discuss a
fundamental solution by presenting self-referential Titans that allows all the components to perform in-context learning,
and adapt and modify themselves:

8.1 Deep Self-Referential Titans

A general formulation for the associative memory-based blocks is to project the data into keys, values, and queries and
learns how to map keys to values and how to retrieve from the mapping based on queries. More formally, for a parametric

associative memory, let x; € Refort=1,...,Lbethe input, we have:
k: = x: Wy, v =x, W, q: = x: Wy, N = x: Wy, ap = x: Wy, (76)
mAi/ln L (M; ks, 0y), with an optimization algorithm (77)
yr = Miq: . (78)

For the sake of clarity, we use red (resp. blue) to highlight computations/weight in the upper level (resp. lower level).
Similar to example in Figure 3, we can add a new level for each of Wi, W, Wy, W,, and W, and allow them to be updated
in-context. For the sake of efficiency, a simple version is to share the values for all the components in the nested system of
associative memories:

ki = Mics1 (x1), o = Mys-1 (x1), qr =Mgi-1(xt), N =Myi-1(xt), ar =Meyi1(x), (79)

nA}[in L (Mo; O, 0y), with an optimization algorithm, 0O € {k,v,q,1,a}, (80)
]

min L (Mpem; ks, 0¢), with an optimization algorithm, (81)
Yr = Mmem,t (qt) s (82)

where the initial states of all memories, i.e., Mm, for any [0 € {k,v,q,n, o, memory} are meta-learned across all se-
quences/contexts. As discussed earlier, the meta-learning of the initial states of memories is essential for both fast-adaption,
training stability, robustness to noise in the data.

This design provides a fully adaptive memory, where all the components can adapt themselves in-context. It, however,
(1) still lacks self-modification, where the model in response to new data changes its own parameters or learning pro-
cess (Schmidhuber 2003); (2) has suboptimal design as it shares of keys and values for all the memories. In continual
learning, where the model requires consistent weight/knowledge update in response to new data, it is critical for the model
to not solely rely on data, and instead learns how to modify itself when it is needed. Motivated by the above points, and
inspired by the self-modifying mechanisms that generate their own values based on the context (Schmidhuber 1993, 2003;
Irie et al. 2022b), we present self-modifying deep associative memory where the models generate their own values:

Yy = Mmemory,t—l (q:), ki = M1 (%), vy =My (x4), ne = Mr],t—l (xt), o = Me—1(x:), (83)
ogy = Moo (v), (Generating its own values for each memory) (84)

rAr}(in L (MD; k;, ﬁg,t) , with an optimization algorithm, O € {k, v, q, 7, a, memory}, (85)
o

where q; = x;Wj is the only non-adaptive projection, 7, is the learning rate in optimization process, and a; is the retention
gate (forget gate or weight decay) in the optimization process. Note that, again, the initial states of all memories, i.e., M
for any O € {k,v,q,n, a, memory} are meta-learned across all sequences/contexts, and so are optimized in the higher
levels (or outer-loop).

Learning the mappings for associative memory modules (see Equation 85) requires a choice of optimization algorithm as
well as an objective £ that measures the quality of mappings. A simple and common choice for objective and optimization
process are Lp-regression loss, and gradient descent algorithm. As for the objective, we use Lp-regression loss, i.e.,
L(M;k,v) = |M(k) — v||2. As discussed earlier (see Section 4.5), the choice of optimizer highly depends on the context
of optimization. For example, gradient descent from associative memory perspective is based on dot-product similarity and
so the update at each step, is solely based on the input and does not incorporate the previous data samples to the update.
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When performing optimization in the token space, however, we know tokens are highly correlated. Therefore, following
our discussion in Section 4.5, we use our DGD with weight decay, resulting in general update rule of:

Yy = Mmemory,t—l (q1), ki = Mgi-1 (%), v =Mys1 (x1), ne = Mq,t—l (1), ar = Me-1(x:), (86)
og; = Moy (vr), (Generating its own values for each memory) (87)
Mo =Mo (OftI - Utktk;r) - UtVLMD,H (MD,t—l;kta zA’El,t) . Ue{k,0,qn a memory}. (88)

Here, the architecture of the memories are arbitrary and even we are not forced to use the same architecture for all
components. We use a 2-layer MLP block as the architecture of all the memories:

Mo () = () + Wo,io(Wao2 (). (89)

8.2 Fast and Parallelizable Training

In the above, we discussed how to design a model that can learn to generate its own latent values and so modify itself.
The main challenge from the practical point of view is the efficiency of the method and if its training is parallelizable. We
follow the chunk-wise training algorithm of non-linear update rules (Sun et al. 2024; Behrouz et al. 2025¢) and use update
frequency of fo = %, where L is the context length. While there is no limitation to use different chunk-sizes, in our
experiments, we use two different value of chunk sizes, one for the update of Miemory(+) and the other for all the other
memories in the self-referential Titans.

In more details, given an input sequence {xt}f:1 and chunk size 1 < C < L, we split the sequence into [%] chunks of
{x((i_l)cht)}tC:l fori=1,..., [é], and then generate all elements in Equation 86 at the end of each chunk for the next
chunk. This allows for generating all the elements for the entire chunk in parallel, before starting the computation for
this chunk. Furthermore, to update the memory modules based on Equation 88, we take the gradient with respect to the
last state of the previous chunk. Again, this allows for computing all the gradients for the next chunk in parallel. In more
details, given this chunk-wise updating procedure, the update rule for the self-referential Titans is computed as:

Yr = Mmemory,cxl—é-‘ (1), ke = Mk,Cx]'%'\ (x1), o= MU,CX[%] (xt), m = Mq,Cx]'%'\ (x1), = Ma,CX[é] (t),

o0, = Mpoexr e (@), (Generating its own values for each memory)

Moy =Mooy (I = nikik]) - mV‘EMD,Cx((tw (MD,CX(H;k,, f}D,t), O € {k,v, ¢, 1, @, memory}. (90)

Here, the architecture of the memories are arbitrary and even we are not forced to use the same architecture for all
components. We use a 2-layer MLP block as the architecture of all the memories:

Mo () = () + Wo,io(Wo 2 (). (91)

Since all the gradients as well as new keys, values, learning-rates, and weight decays can be computed in parallel before
starting the processing of the current chunk, the above updates accepts the fast parallelizable dual form that is discussed
by Sun et al. (2024) and Behrouz et al. (2025¢). To better illustrate the above update rule for self-referential Titans, let us
derive the recurrent formula for the simplest case of matrix-valued memory. We derive the recurrent form for two different
objectives:

« Dot-product similarity L(M;k,v) = —(Mk,v): Given this objective and linear memory, the gradient is calculated
as vk ", which results in update rule of:

Mo = Mg (a,I - Utktk;r) - Utélj,tk:’ O € {k,v,q,7n, @, memory} (92)

« Ly-regression loss: Given this objective and linear memory, the gradient is calculated as (Mk — v)k ", which results
in update rule of:

Mo, =Moo (I = nikik[) —ne (MD,erg]kt - 5D,t) K/, 0O € {k,v,q, 7, @, memory}. (93)
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Figure 6: Class-incremental learning in the text classification domain on (Left) CLINC dataset (Larson et al. 2019), (Middle)
Banking dataset (Casanueva et al. 2020), and (Right) DBpedia dataset (Auer et al. 2007). Hope-enhanced architecture
achieves the best accuracy among other continual learning methods, including ICL.

8.3 Hope Neural Learning Module

In the previous sections, we first discussed Continuum Memory System (CMS) that allows for more persistent storage of
memories and defines memory as a spectrum of blocks with different frequencies of update. Due to the larger capacity
and constraints for scaling the parameters, often CMS requires simple learning rule but higher capacity to store more
persistent knowledge. On the other hand, in the previous section, we discussed the design of a self-modifying Titans, where
it can generate its own keys and so learning update to better adapt to the context. Contrary to CMS, the self-modifying
Titans has a small capacity but is using a complex and expressive learning rule. Accordingly, these two systems seem to be
complementary and their combination can enhance the model expressiveness from different aspects.

To this end, we present HopE architecture: A neural learning module that incorporates self-modifying Titans followed by
Continuum Memory System. The Hopk design is illustrated in Figure 5. Formally, let x;, € R fort=1,...,L be the input,
the HopE forward pass is defined as (we remove the normalization and convolution layers for the sake of clarity):

0; = Mmemory,t—l (‘It), k; = Mk,t—l (x1), Uy = Mu,t—l (xt), ne = Mf],t—l (xt), ar = Ma,t—l (xt), (94)

o0 = Moo (00), ©3)
MD,t = MD,t—l ((Z[I - T]tktk;r) - U[VLM\:\,t—l (M[:I,t—l;kts ZA’D,t‘) > D € {k’ v, q’ B a, memory}' (96)
Y = MLP i) (MLp(fk-1) (- MLP 1) (01))), (97)

where the block’s output for token ¢ is y;. In our experiments, we also normalize q and k with L, normalization and also
use local convolutions with window size of 4.

Hope-Attention. We also use another variant of HoPE, in which we simply replace the self-modifying Titans with softmax
global attention (Vaswani et al. 2017).

9 Experiments

In this section, we empirically evaluate the performance of different components we discussed throughout the paper. More
specifically, (1) we first focus on the presented optimization algorithms and compare them with state-of-the-art methods; (2)
We then focus on in-context and continual learning tasks and show how the nested learning paradigm and more specifically
higher order in-context learning enhances the capabilities of models. We compare the continuum memory system with
simple MLP layers and discuss how a pre-trained model can be adapted to be a continual learner; (3) We then focus on
the language modeling and long context understanding of HopE model and compare it with Transformers and modern
recurrent architectures. The details of the experiments and their setups are explained in the corresponding sections.

9.1 HoprE: Continual Learning and Long Context Understanding

One of the main goals of NL is to enhance the continual learning capabilities, and so in this section, we evaluate NL and
its implications such as Continuum Memory System (CMS) and HoPE on multiple continual learning and long context
understanding tasks. For each of the tasks, we use the best reported results on the benchmark as the baselines.
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Figure 7: The effect of memory levels on the in-context learning performance of the model in (Left) MK-NIAH of
RULER (Hsieh et al. 2024), (Middle) LongHealth (Adams et al. 2025), (Right) QASPER (Dasigi et al. 2021) benchmarks. Note
that for QASPER benchmark (Right), the lower values indicate better performance.

Class Incremental Learning. First, we focus on class-incremental learning tasks on three datasets:

« CLINC (Larson et al. 2019): CLINC is a multi-domain intent classification benchmark designed for task-oriented
dialog systems, with a special focus on detecting out-of-scope (OOS) queries. It has 150 in-scope intent classes
spanning 10 broad domains (e.g. Banking, Travel, Home, Weather, Small Talk, etc.) with 23.7K total queries, of which
22.5K are in-scope and 1.2K are out-of-scope.

« Banking (Casanueva et al. 2020): Banking dataset is a single-domain intent classification benchmark focused on
fine-grained customer service queries in the banking domain. In this dataset, each example is a short customer query
(e.g. “How can I reset my card PIN?”) that must be classified into the correct banking intent/category. There are 3083
total examples labeled with the 77 intents (heavily imbalanced classes).

« DBpedia (Auer et al. 2007): DBpedia is a text classification benchmark from Wikipedia where article abstracts are
expected to be categorized into ontology topic classes. In other words, given a short Wikipedia description, the goal
is to predict its high-level topic/category (such as whether the article is about a book, a film, an animal, a place, etc.).
The dataset has over 340K examples labeled across those 70 second-level classes, but we sample 10K training and 1K
test instances for the 70-class DBpedia task.

As the backbone of our HoPe models we use Llama3-8B and Llama-3B (Dubey et al. 2024), and then employ our technique
discussed in Section 7.3 to make the MLP blocks capable of adaption, placing them in different levels with different
frequency updates followed by continual pre-training with 15B tokens. Following Momeni et al. (2025), we use simple
in-context learning (ICL) capability of Llama-3 models (with the same process of continual pre-training with 15B tokens
but without any change in the MLP blocks), Elastic Weight Consolidation (EWC) (Kirkpatrick et al. 2017), and In-context
Continual Learning with an External Learner (InCA) (Momeni et al. 2025) as the baselines of our evaluation. The results
are reported in Figure 6. HopPe shows the best performance across all continual learning baselines, including models
with external learner (i.e., InCA). Comparing HopPE with ICL, the main difference comes from HopE’s multiple levels of
in-context learning (or equivalently, different frequency of updates for MLP blocks), indicating the effectiveness of CMS’s
design for enhancing continual learning capabilities. Furthermore, the superior performance of Hopg, compared to InCA
and EWC, indicates that the knowledge transfer between levels plays a critical role in the performance of the model.

The Effect of Levels on In-context Learning. Despite showing improvement when using CMS in the above tasks, to
better understand and evaluate the effect of levels and their frequency on the in-context level ability of the model, we
perform in-context question/answering and multi-key long context understanding. More specifically, we use:

« LongHealth (Adams et al. 2025): This is a benchmark for long-context clinical question answering with multiple-
choice QA tasks based on extensive fictional patient records, testing an LLM’s ability to extract and reason over
detailed medical documents. The dataset includes 20 comprehensive patient case documents (across various diseases),
each about 5.1K-6.8K words in length, and we use 200 questions sampled from patient records.

« QASPER (Dasigi et al. 2021): This benchmark is an information-seeking QA dataset centered on full-length NLP
research papers. In particular, it contains around 5K QA pairs grounded in around 1.6L NLP research papers. Also,
we use the full text of each paper as the context for the model.

34



. . . . o ®
Table 1: Needle-In-A-Haystack experiments with: (1) Single needle with 35 ®
three levels of difficulty: single-needle tasks—S-NIAH-1 (passkey retrieval), °
S-NIAH-2 (numerical needle), and S-NIAH-3 (UUID-based needle); (2) 5 3° °
. . . . E
multi-query; (3) multi-key; and (4) multi-value settings of the benchmark. 3 °
o 25
=
S-NIAH-1 S-NIAH-2 S-NIAH-3 G,
_ : : i3 IcL s Hope-2
(pass-key retrieval) (number in haystack)  (uuid in haystack) BN Hopol WM [Hope3
Model 4K 8K 16K 4K 8K 16K 4K 8K 16K 151 @
Transformer 88.6 764 79.8 100 988 942 780 69.2 408 1012 Cﬁ‘EF (anchulf EN)ZO 22
Hope-Attention 100 100 100 100 984 944 768 688 424
EWKbVJ igg 188 gzi zz-i i‘;';‘ g'z EZ'Z g; ;'i Figure 8: Continual Translation of a Novel
omba B . . . B . B .
DLA 9.4 712 44.0 796 426 282 182 88 4.0 Languagg (CTNL) task. Red points are ‘the
Titans 100 100 100 996 846 754 742 428 212 results with only one language. Blue points
HopE 100 100 100 992 884 782 732 462 2438 are the results in the continual leanring setup.
MK-NIAH-1 MOQ-NIAH MV-NIAH 100} euzg-zogmmnntomgomemcgomtecgzo,
(multi-key line retrieval) (multi-query) (multi-value) & 4\\\
Model K 8K 16K 4K 8K 16K 4K 8K 16K _ 0L T e
§ Sso
Transformer 794 830 61.4 589 480 298 375 341 215 < 60 -
Hope-Attention  80.2 84.8 60.8 604 478 306 352 344 2438 g =
(E l-_-._-_.-——."-I-——I—--.__ix._"—&‘_-
RWKV-7 214 18.8 9.6 204 14.8 8.6 162 134 6.8 § 40 e s
Comba 214 194 8.2 21.8 15.2 6.4 16.5 13.5 7.2 < -e- Hope -m- Llama3 + RAG \\\
DLA 274 200 118 264 220 64 256 128 9.6 207 -e- ARMT  -m- GPT4 N\
Titans 264 236 8.2 228 198 94 246 151 82 ¢~ Titans GPT4o-mini \
0 RMT Llama-8B
Hore 294 24.8 14.8 31.7 24.8 14.2 314 17.2 11.4 0 1 2 4 8 16 32 64 512 10M

Sequence Length (K)

Figure 9: BABILong Benchmark. Red points
are the results of fine-tuned models, and Blue
points are the large models’ zero-shot results.

« MK-NIAH (Hsieh et al. 2024): We use the task of multiple keys in needle-in-haystack from RULER (Hsieh et al. 2024).
This setup requires models to not only locate but also extract multiple pieces of information distributed throughout
a long text.

As for the baseline, we use ICL, which is the same as HopPE with 1-level of memory, and also DuoAttention (Xiao et al.
2025). It is notable that methods such as Cartridges (Eyuboglu et al. 2025) have shown promising performance, even better
than DuoAttention and sometimes ICL. Here, however, we exclude their comparison with HopE mainly due to the fact that
Hork has higher memory usage and there are fundamental differences in their computational costs (e.g., self-studying,
etc.), requiring further experiments with careful and controlled design in the future studies. For the variants of our model,
we use different number of memory levels with different frequencies, which are grouped based on the lowest frequency.
Note that the lowest-frequency memory corresponds to the most persistent memory of the model and so we expect models
with higher lowest frequency to be more adaptive.

The results are reported in Figure 7. HOPE with any number of levels and also with any lowest frequency outperforms
both ICL baseline as well as the efficient DuoAttention. Furthermore, comparing the Hope’s variants with themselves,
the results suggest that: (1) The more levels of memory can help with in-context learning capability of the model and
enhances its long-term memory and so long-context understanding; and (2) The higher the lowest-frequency the lower
the performance. As discussed above, the lowest-frequency memory is the most persistent memory of the model and so
increasing it means that the model has a weaker but more adaptive long-term memory. Due to the fact that the frequency
of update directly affects the efficiency of the model, one might find “Lowest Frequency = 2K” an optimal setup as it offers
significantly more efficient forward pass, while achieves close performance with “Lowest Frequency = 512”.

Learning a New Language In-Context. Throughout the paper, we argued that pre-training can be seen as an in-context
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learning process, where the context is the entire pre-training data. Accordingly, when we use more levels in the neural
learning module, or performing in-context learning on different context flows, we expect the model to show better
adaptability and continual learning capabilities. To this end, with combining two existing benchmarks of MTOB (Tanzer
et al. 2024) and Manchu (Pei et al. 2025), we design a new continual learning task that the LLM learns two new languages
in context and is expected to translate phrases to English. Then for our Continual Translation of a Novel Language (CTNL)
task, we consider two setups: (1) Learning and testing the performance of the model on each language separately (in red
color). This is a baseline we use to measure the catastrophic forgetting when comparing with the next setting; and (2) The
model, first, learns these two languages in a sequential manner (in blue color) and then is asked to translate the phrases to
English. We use ICL as the baseline, and to study the importance of multi-level design of HopE, we use different variants of
HoprE with 1, 2, and 3 additional levels of memory, which we refer to as Hope-1, Hope-2, and Hopg-3, respectively.

The results are reported in Table 8. More specifically, each point is the performance of one model in one of the setups such
that the x-axis (resp. y-axis) indicates the model ChRF in translation of Manchu — English (resp. Kalamang — English). In
the first setup (in-context translation without continual learning), all HopE’s variants performs better or on-par compared
to ICL, supporting the importance of CMS design. In the second setup (i.e., continual translation), however, ICL faces
dramatic performance drop and almost rely on its capabilities achieved in its pre-training (i.e., catastrophic forgetting about
the knowledge in the context). On the other hand, increasing the memory levels in the HoPE shows clear improvement and
Hopre-3 almost recovers the ICL capability in the first setup, without continual learning. These results further support the
importance of CMS design in continual learning and the ability of the model to adapt itself to the new tasks.

9.2 HoPE: Long Context Understanding

In the previous section, we evaluated the performance of Hope-Attention, when the MLP blocks are adapted to perform
in-context learning. In this part, we evaluate the performance of HoPE in long context understanding, when it starts
learning from scratch. To this end, we use about 50B tokens from a mixture of FineWeb-Edu (Penedo et al. 2024) and
long-context documents with a vocabulary size of 32K to train all the models from scratch. All models are optimized using
AdamW with tuned learning rate for each model and with the default optimizer configuration in Behrouz et al. (2025¢). We
focus on two popular benchmarks of RULER (Hsieh et al. 2024) and BABILong (Kuratov et al. 2024):

Needle-in-a-Haystack (NIAH) Tasks. In the first part, we focus on the needle-in-a-haystack with different setups of:
(1) single needle but different types (i.e., pass-key, number, and uuid), (2) multi-key, (3) multi-query, and (4) multi-value,
all follows Hsieh et al. (2024). As for the baselines, we use RetNet (Sun et al. 2023) and DeltaNet (Schlag et al. 2021) as
the representative of the models purely based on Hebbian- and Delta-rule, and experimented with diverse set of modern
linear recurrent models and so used the linear models with the best performance: i.e., RWKV-7 (Peng et al. 2025a) and
Comba (Hu et al. 2025). As another group of baselines, we also compare with deep memory modules with dot-product and
L, regression objectives: i.e., DLA (Behrouz et al. 2025a), and Titans (Behrouz et al. 2025c).

The results are reported in Table 1. Comparing with other attention-free models, HoPE achieves the best performance
across all tasks and levels of difficulties. Particularly, comparing to linear memories, deep memory modules show better
performance in longer sequences, mainly due to their higher memory capacity to compress more tokens. Comparing Hope
with Titans, the superior performance of Hope, specifically in longer context length supports the importance of both
self-referential update as well as the CMS design. Finally, we also evaluate the performance of HoPe-Attention and compare
it with Transformers to better understand the contribution of CMS design. The results indicate that Hopg-Attention
achieves a better performance compared to Transformers, supporting the advantage of having CMS in Hope-Attention
design.

BABILong. Next, we evaluate the Hope’s performance on BABILong benchmark (Kuratov et al. 2024) and compare it with
(1) large models such as GPT4 and GPT40-mini (Achiam et al. 2023); (2) middle-size Llama-8B model (Dubey et al. 2024)
with its RAG augmented version; and (3) the state-of-the-art small models in this tasks: i.e., RMT (Bulatov et al. 2022),
ARMT (Rodkin et al. 2024), and Titans (Behrouz et al. 2025¢). We follow the original setup of the benchmark and fine-tune
the small models with the same process as Kuratov et al. (2024).

The results are reported in Table 9. Large models show significant performance drop with increasing the sequence length,
where all fail around 128K-256K context length. The RAG augmented model also show a drop with increasing the context,
but it is able to relatively maintain its performance after 256K context length. Among fine-tuned models, Titans, ARMT,
and HopEe show competitive results until 1M context length, but the performance of both Titans and ARMT drop fast after
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Table 2: Performance of models on language modeling and common-sense reasoning tasks.

Model Wiki. LMB. | LMB. PIQA Hella. Wino. ARC-e ARC-¢ SIQA BoolQ Avg.
ppll ppll | acc? acc T accnT acct accT acc.nT accT acc T 7
760M params / 30B tokens
Transformer++ 24.18 24.27 37.1 67.2 43.8 53.0 65.6 33.4 39.1 61.7 50.11
Samba* 21.07 22.85 39.2 68.9 47.8 53.1 65.8 349 38.9 63.1 51.46
RetNet 25.77 24.19 34.5 66.8 41.2 51.9 63.6 32.5 38.8 56.2 48.19
DeltaNet 24.52 24.38 36.8 67.3 44.5 51.8 64.2 32.7 39.6 60.1 49.63
RWKV-7 23.75 23.08 37.1 67.3 47.6 52.2 64.7 34.2 394 61.9 50.55
Comba 22.41 22.19 37.5 66.9 48.2 524 65.1 34.1 40.1 62.8 50.89
TTT 24.17 23.51 34.7 67.3 43.9 51.0 64.5 33.8 40.2 59.6 47.32
Miras (Memora) 22.28 22.31 38.2 67.8 49.3 53.3 63.6 36.1 40.9 63.0 51.53
DLA 23.12 22.09 36.1 68.0 47.9 52.7 65.8 34.6 39.1 59.6 50.48
Titans 20.08 21.52 38.1 69.1 48.5 52.7 66.2 35.7 40.3 62.8 51.68
HorEe ‘ 18.68 20.07 38.8 69.2 49.1 53.6 66.8 36.1 41.2 63.4 52.28
1.3B params / 100B tokens
Transformer++ 17.92 17.73 42.6 71.4 52.3 54.1 69.9 36.5 41.8 58.4 53.38
Samba* 16.15 13.21 45.2 71.5 53.8 55.8 69.1 36.7 40.6 63.0 54.46
RetNet 18.91 17.04 41.2 71.3 49.1 55.2 67.5 34.1 41.4 61.0 52.60
DeltaNet 18.62 17.10 41.6 70.1 49.4 52.7 67.6 35.2 39.7 54.8 51.39
RWKV-7 18.44 15.96 46.7 72.4 54.9 57.5 71.6 38.2 40.7 60.4 55.30
Comba 18.16 14.87 46.9 73.1 54.5 57.7 72.0 39.1 40.2 60.6 55.39
TTT 18.42 14.51 46.8 72.9 55.2 59.0 71.8 39.5 39.8 59.6 55.58
Miras (Memora) 15.90 12.04 48.7 73.1 56.0 57.4 71.5 37.9 40.2 61.3 55.76
DLA 16.31 12.29 44.5 70.6 53.9 54.2 69.6 36.0 40.8 60.2 53.72
Titans 15.60 1141 49.1 73.1 56.3 59.8 724 40.8 42.1 61.0 56.82
Hore ‘ 14.39 10.08 ‘ 51.0 73.9 57.5 61.2 73.8 42.7 42.8 61.4 58.04

* is a hybrid of attention + linear RNN (Ren et al. 2024).

that point. HOPE maintains its good performance even for 10M context length, mainly due to its CMS design. It is notable
that the performance of all small models, including HopE, can drop significantly when used without fine-tuning. The
reason is, compressing large context (e.g., 10M), in addition to a powerful memory management in the high-frequency level,
requires enough capacity to compress 10M tokens or at least tokens that are needed for the final answer. The fine-tuning
step helps the models to adjust their lower-frequency levels to adapt fast and so properly manage their memory in the
higher-frequency levels.

9.3 HoPEe: Language Modeling and Common-Sense Reasoning

In this section, we aim to study HOPE as a backbone of a language model and evaluate it on common language modeling
and common-sense reasoning tasks with the setup of:

« Datasets: We evaluate Hopk and baselines on Wikitext (Merity et al. 2017), LMB (Paperno et al. 2016), PIQA (Bisk et al.
2020), HellaSwag (Zellers et al. 2019), WinoGrande (Sakaguchi et al. 2021), ARC-easy (ARC-e) and ARC-challenge
(ARC-c) (Clark et al. 2018), SIQA (Sap et al. 2019), and BoolQ (Clark et al. 2019) benchmarks.

« Baselines: As for the baselines, similar to Section 9.2, we use RetNet (Sun et al. 2023) and DeltaNet (Schlag et al. 2021)
as the representatives of the models that are purely based on Hebbian- or Delta-rule, and two modern matrix-valued
recurrent models with the best performance compared to others: i.e., RWKV-7 (Peng et al. 2025a) and Comba (Hu
et al. 2025). As another group of baselines, we compare with attention-free deep memory modules with diverse
internal attentional bias of dot-product, Ly, and L, regression: i.e., TTT (Sun et al. 2024), Miras (Behrouz et al. 2025b),
DLA (Behrouz et al. 2025a) and Titans (Behrouz et al. 2025c). Finally, we also compare with Transformers (Vaswani
et al. 2017; Dubey et al. 2024) as well as the hybrid of attention and linear RNN, Samba (Ren et al. 2024).

« Training: We train models with about 760M and 1.3B parameters, trained with 30B and 100B tokens, respectively,
from a mixture of FineWeb-Edu (Penedo et al. 2024) and long-context documents with a vocabulary size of 32K to
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Table 5: Accuracies of various models on the formal language recognition tasks.

Non-Star-Free Regular

Parallel Parity (aa)* (abab)*
Model Training  Bin0  Binl  Bin0 Binl  Bin0  Binl
LSTM X 100.0 100.0 100.0 100.0 100.0 100.0
Transformer v 46.4 0.0 0.0 0.0 0.0 0.0
Linear N 78.1 0.0 0.0 0.0 0.0 0.0
DeltaNet N 98.2 10.1 0.0 0.0 0.0 0.0
SRWM X 100.0 100.0 1000 100.0 100.0 100.0
Hore v 100.0 100.0 100.0 100.0 100.0 100.0

train all the models from scratch. All models are optimized using AdamW with tuned learning rate for each model
and with the default optimizer configuration in Behrouz et al. (2025c¢).

The results are reported in Table 2. HopE outperforms all the baselines on the average performance in both language
modeling and common-sense reasoning benchmarks. Interestingly, with scaling the parameters, HopE show higher
performance gain compare to other attention-free models.

9.4 HoprE: In-context Recall Tasks and MAD Synthetic Benchmark

In-context recall is often referred to as one of the challenging benchmarks for attention-free models. In this section,
we follow Arora et al. (2024) and perform experiments on SWDE (Lockard et al. 2019), NQ (Kwiatkowski et al. 2019),
DROP (Dua et al. 2019), FDA (Arora et al. 2023), SQUAD (Rajpurkar et al. 2016), and TQA (Kembhavi et al. 2017) to evaluate
the effectiveness of HoPE’s design. We use the same set of baselines and experimental setup as the above previous section.
The results are reported in Table 3. Transformers achieve the best performance, while HOPE show competitive results,
outperforming all the attention-free baselines and closing the gap with Transformers.

Table 3: The performance of HopE and baselines in short Table 4: Performance of HoPE and baselines on the synthetic
in-context recall tasks. HOPE outperforms all attention-free benchmark of MAD (Poli et al. 2024). HopE outperforms all the

models and close the gap with Transformers. baselines, including Transformers.
SWDE NQ DROP FDA SQUAD TQA Compress. ICR Fuzzy ICR ie;ectilr\:e Memory

Transformers 71.4 22.0 23.9 67.3 39.4 59.1 pyme

RWKV-7 523 178 217 328 285 56.2 Transformers 49.4 100 47.9 96.2 83.7

Comba 539 191 219 355 302 56.4 RWKV-7 45.1 100 32.8 95.6 82.2

Titans 60.8 203 220 376 318 57.5 Comba 46.3 100 32.8 96.4 82.9

HopE — O T 5 o o Titans 49.8 100 50.0 99.4 83.4
HopE 51.2 100 52.1 99.7 85.2

We also study the performance of HoPE on MAD benchmark (Poli et al. 2024), which is a synthetic benchmark, evaluating
the performance of models in recall, memorization, compression, and copying tasks. The results are reported in Table 4.
HopEk achieves the best results compared to baselines.

9.5 Language Recognition Tasks

One of the critical limitations of Transformers is on non-parallelizable tasks, where the recurrence plays a significant rule
in achieving proper performance. An example of such tasks is state tracking problem, where the model needs to track its
state given a sequence of instructions (movement, etc.), and several studies have shown that Transformers both in theory
and practice significantly underperforms models with non-linear recurrence (Merrill et al. 2024; Grazzi et al. 2025). In this
section, we focus on formal language recognition tasks and follow the construction of the benchmark by Irie et al. (2023).
The results are reported in Table 5. HOPE achieves the perfect score on all the tasks, similar to other non-linear recurrent
models; e.g., LSTM Schmidhuber et al. 1997 and SRWM (Irie et al. 2022b). The main advantage of HopE, however, is the fact
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12.0 ---- Transformers ---- Hope (w/o DGD)
---- Titans --=-- Hope (w/o CMS)

Table 6: Ablation Study on Hope. All components of HOPE are positively
contributing to its performance.

Comba --=-- Hope

-
jun
5

)
i i F110
Model Language Modeling Reasoning ;'é
ppll acc T & 1o
Hore 12.24 58.1
10.0
w/o DGD 13.41 56.5 % . " o :;ZK
w/0 Momentum 13.58 56.9 Context Usage
w/o weight decay 13.71 57.2
w/o CMS 13.04 57.3 Figure 10: The effect of context usage on the
w/0 inner-projection k 13.77 56.9 perplexity of the model. We expect the per-
w/o inner-projection & 13.90 25.1 plexity of a model with powerful memory
W/o inner-projection ¢ 12.19 >74 management to decrease with more context.
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Figure 12: Training time of models with
140M and 1.3B parameters with Muon,
AdaMuon, and M3 optimizers.

Figure 11: ViT test and train loss on ImageNet-21K (Ridnik et al. 2021),
trained with AdamW, Muon, and our M3 optimizers.

that when it is needed, it has parallelizable training and so can scale to larger scales for language modeling tasks.

9.6 HoPE: Ablation Studies and Scaling

In this section, we first study the importance of design choices we have made for the HopE architecture by performing
ablation studies, where we remove or change one of the HoPE’s components at a time. Note that, in the previous experiments,
we have evaluated the significance of some components: E.g., Table 8 and Figure 7 have already been shown the effect of
number of levels as well as the frequency of update on the performance of HoPE in continual learning. In this section, to
compare different variants, we use the average perplexity of models in language modeling as well as the average accuracy
in common-sense reasoning tasks. The results are reported in Table 6. (1) The first row, replaces Delta Gradient Descent
with a simple gradient descent in the design of self-modifying Titans; (2) The second row removes the momentum term in
the self-modifying Titans; (3) removes the weight decay; (4) removes the CMS from HopE’s architecture; (5, 6, 7) transfer the
projections for k, v, q from higher-frequency level to the lowest-frequency level. All the components of HopE contribute to
its superior performance in these tasks and removing or changing each of them can damage the model’s perplexity in
language modeling and/or accuracy in common-sense reasoning tasks.

9.7 Expressive Optimizers

In this section, we evaluate the performance of our M3 optimizer from both aspects of effectiveness in finding the solution
and also efficiency of training in large scales:

ImageNet. In this experiment, we focus on ViT (Dosovitskiy et al. 2021) architecture for vision tasks and pre-train it on
ImageNet-21K, which consists of 11M images corresponding to 10,450 classes. We use a patch size of 16, MLP dimension of
1536 and 3072 for the two scales of 24M and 86M models, respectively. We control all other components and finetuned
hyperparameters for each optimizer separately to make sure a fair comparison. We vary the optimizer for training the ViT
to understand which of the optimizers find more effective solutions in the same number of training steps. The training and
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test loss of trained models with different optimizers are reported in Figure 11. Our M3 shows the best training/test loss
compared to both AdamW and Muon.

Efficiency in Large Models. Due to the small size of the model that is needed for ImageNet, we also perform an
efficiency comparison when training a language model. To this end, we use two scales of 140M and 1.3B and train the same
Transformer model using different optimizers of Muon (Jordan et al. 2024), AdaMuon (Si et al. 2025), and our M3. The
results are reported in Figure 12. Our M3 optimizer, due to the use of multiple momentums (memories) is reletively slower
compare to the Muon optimizer, and show on par efficiency with AdaMuon.

10 Conclusion

In this paper, we introduced Nested Learning (NL) a new learning paradigm, in which modern machine learning systems
are modeled as inter-connected, multi-level optimization problems, each with its own context flow and update frequency.
Within this view, both architectures and optimizers are instances of nested systems of associative memories that compress
their own context (either is tokens, gradients, or higher-level signals) into internal parameters. This perspective reframes
pre-training, in-context learning, and continual learning as manifestations of the same underlying mechanism: learning to
compress and reuse context at different levels and time scales. This perspective recasts backpropagation, momentum, and
preconditioning as associative memory mechanisms, and explains a wide family of existing methods as specific design
points in a larger (previously hidden) space.

Building on NL’s viewpoint, we derived generalized gradient-based updates: e.g., Delta Gradient Descent, Delta Momentum,
Multi-scale Momentum Muon (M3), and reinterpreted modern sequence architectures nested associative memories. To
enhance the memory processing, we introduced Continuum Memory System (CMS), a new formulation for memory
that generalizes the traditional viewpoint of “long-term/short-term memory blocks”. Our Hopk architecture based on a
self-modifying Titans and CMS improves continual learning and long-context reasoning capabilitites, while remaining
competitive as a general backbone.

Is Catastrophic Forgetting Solved? While Hope and CMS have shown promising results in reducing catastrophic
forgetting in the tasks we empirically studied, the undesirable phenomenon of catastrophic forgetting is not “solved” in
general. From nested learning viewpoint on learning and backpropagation process, catastrophic forgetting is a natural
consequence of compression, where the limited capacity of the network forces the model to forget so that it retains capacity
for new information. We view NL as a roadmap rather than a destination: it suggests that progress on continual learning,
long-context reasoning, modern optimizers, and self-modifying models will come from better exploiting the extra design
axis of levels rather than from ever-deeper static networks.
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A Generalized Formulation for Nested Learning and Nested Systems

In this section, we discuss the generalized version of nested systems and NSAM, we discussed in Section 3:

Definition 6 ((Generalized) Nested System). A (ordered) nested system is a system with K (ordered) levels such that each
level 1 < k < K consists of a set of optimization problems {(.E(k) C(k) G)(k))}l ", where L;(-;-) is the optimization objective
in the i-th problem, C; is its context (the data that is optimized on) O; is the set of its parameters, and each optimization
problem is optimized using gradient descent, or equivalently:

A —argmln .£< )(<I>(k) Xpy1) + ——

41

k k k k
(k) % — 6,12 where xp41 ~CF, and @, 0. (%)
P; 2Mipq

Definition 7 ((Generalized) Nested System of Associative Memories). A nested system of associative memory (NSAM) is a
system with K (ordered) levels such that each level 1 < k < K consists of a set of optimization problems {(.E(k) C(k) @(k))}l 1
where C; = {(k(.l), J(.l))}j:1 is a set of ground-truth mappings, L;(+;-,-) is the optimization objective that measures the quality

of memory learned mappings in the i-th problem, ©; is the set of memory parameters, and each optimization problem is
optimized using gradient descent:

10 — 6,12 where (k{2 0) ~C®, and ;% e @ (99)
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B Adam, AdaGrad, and Other Similar Optimizers as Associative Memory
Modules

Revisiting the momentum term without using the chain rule in backpropagation,

mtﬂ = mt tmy,,

me,., = apaame, = eV, L (We,s x141) , (100)

one can interpret the momentum as a key or value-less associative memory (Behrouz et al. 2025b, see Section 5), where the
gradient terms Vy,, £ (Wp,; x;41) are compressed into the momentum. We expect from a powerful momentum term to
perfectly memorize all the past gradients in the training process so it can better model the current update to the weights.
To this end, one can start from defining a simple objective as:

t
L= im0, —Pull3 + Adlme, I3, (101)

i=1

where ge,,, = _Vsz L (M/[t;xt+1). This objective aims to find a momentum term that does not simply map the gradients
to 1 (which also results in limited memory management in momentum), but it maps gradients to a global property of
past data samples. The more expressive this global property is, the more accurately the momentum can incorporate the
compressed information from past. Accordingly, the objective in Equation 101 admits an optimal associative memory that
maps gradients to Py,,, as

% -1
mt)" = [(H;;) + A 1) ] (M<r>) [(Hm Ae 1) ]@M{Eillop{” where
=M") + pig;, OP, =M OP

6,0 1 g[i+1 & = Mypiv1 brs

M(’t) —M(t) + ﬂl ge

i+1’

HY =HY +pg, 0g, =HS + g’ . (102)
Given this solution, one can write the update step as:
« -1
We,, =We, — 1t m((,’tl.) =W, — i [(H{,(f) + A I) ] Mxll O Py,. (103)
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We start with a simple case, where Py, is the summation of the square of past gradients: i.e., P, = >_, gfm. With the
choice of 1 — 0, Equation 103 recovers simple gradient descent with momentum. That is, let A = 0, we have:

* -1 - -
M/f’m = mi M mt(’tl) = W[i — i (H{’(f)) © Mtgtz-)i-l o P, = [ ’7[:32 Mtg,i'i-l’ (104)
——
H{f,t,-)/ﬂz

which based on the definition of M ;ti)ﬂ, this update rule is equivalent to gradient descent with momentum. Next, we
explore a more sophisticated design choice, where we use Py, as the variance of data samples before token ¢ + 1. In this

case, formally, P, = [}, g?m and so the update rule is as follows:

(0
* -1 . M,
=W, —nem =W, — [(HE) + A 1) ] oM 0 P, ~W,- \7—/’? — (09
— 2 0 + &

1
(GENra
Hi,i / 162

which is equivalent to the popular Adam optimizer (Kingma et al. 2014a). Therefore, Adam is an optimal associative
memory given the L, regression objective that is defined in Equation 101. In fact, the update component of Adam at each
state aims to learn a mapping between the gradients and their variance (as a global property of past data samples). One
interesting point about this formulation is about the frequency of elements. Looking at the first and second momentum in
Adam optimizer, the frequency of update for both of these memories are the same as both are updated after each sample.
Furthermore, the computation of each of them can be done in parallel and so are independent. Accordingly, it is one of the
few examples that two components without any internal gradient flow, are placed in the same frequency and so level (see
Section 3.2).

W,

i+1

Going beyond element-wise update, we reformulate Equation 101 with outer-product operation as:
t
Lo=) lme,ge,, = Poll3 + Adllme, I3, (106)
i=1

where ge,,, = _VWQ L (W( t;xt+1). Similar to Equation 102, finding the optimal solution to the above objective is defined
as:

* -1 -1 -
mg’fl_) - [(He(f) + A I) ] (Mtffl)) - [(H;i) + A I) ]lefillP[z, where (107)
M =M + By Py gl =Py, MY, (108)
M, =M + Brge] . (109)
H =H +oge g (110)

With a similar choice as Adam, i.e., letting P, be the variance of the gradients so far, P, = />, gs.., ggﬂ, then the above

solution can be simplified as:

* -1 ~ -1/
=W, = memfl) =W, -~y [(HE)””) ] P, M, ~We - —=H

t £,i+1
S~— ' Vﬁz
1

1 M (111)
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The above formulation is the AdaGrad with momentum (Défossez et al. 2022) and so generalizes the AdaGrad (Duchi et al.
2011), i.e., when f; = 1. Similarly, based on the connection of Adam optimizer (Kingma et al. 2014a) with other algorithms
such as RMSProp (Hinton et al. 2012), SignSGD and its momentum-based variants (Bernstein et al. 2018), NAdam (Dozat
2016), AMSGrad (Reddi et al. 2016), RAdam (Liu et al. 2020), and Lion (Chen et al. 2023), as well as considering AdaGrad’s
connection with optimizers such as Shampoo (Gupta et al. 2018) and Soap (Vyas et al. 2025)-i.e., as the approximation of
the preconditioning term—we can conclude that all these optimizers can be re-formulated as associative memory that aims
to compress the gradients.
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C Delta Gradient Descent with Normalization
In Section 4.5 we discussed that gradient descent can be see as an associative memory, and be reformulated as:
. 1
Wi = argmin (Wxe, Vy, LW x0)) + T W - W13, (112)
t
where each step aims at learning the negative of the gradient direction. Due to the fact that this learning rule only use

update terms that depends on the current gradient, we defined u; = -V, £L(W;; x;), and extended the above process to
Delta Gradient Descent with more expressive objective of £, regression loss:

W, = i —1||W - ”2 —1 ||W—W||2 (113)
arg min X, u + .
1 & w 2 ! Hiz 27][ Hi2

We assume that x; is normalized (e.g. in normalized memory systems or in neural networks with normalization layers,
||x¢|l2 = A). Taking gradient to optimize the above objective,

2(Wipax: — Vy, LW, x:))x; + 20 (Wepr — W) =0, (114)

which results in:
Wi (eex) + D) = Vy, LIWs, x0)x,) + W, (115)
= Wiy = (Vy,L(VVt, xt)x: + ’ItVVt)(xtx;T + Utl)il- (116)

To compute (x;x; + n,I)”! term with Sherman-Morrison lemma, we have:

1 1
T+ = —(I- ———x;x)), 117
(xex; +ned) ’7t( 2 +mxtxz) (117)
and so:
T 1 1 T
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